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ABSTRACT 


The major purpose of this study was to determine the relationship 
between basal measurement abilities and rational number learning at 
three grade levels. A second purpose was to determine the level of 
performance on a test of basal measurement concepts of students in 
Pradesm Ours i xpananel olteandsco ascertain=the effect of school, 
nonverbal I.Q. and sex on the measurement test scores. 

A test of basal measurement concepts (TBMC) was developed and 
administered to 23 classes of students in grades four, six and eight 
in the Edmonton Public School system. Immediately following adminis- 
tration of the TBMC each class took up the regular rational number 
(fractions) unit. Fraction Achievement and Fraction Retention tests 
were administered upon completion of the unit. 

For the first purpose three separate analyses were carried out 
dupcachwonades level. First, stwo canonical correlation analyses were 
Carried out using TBMC subtest scores as predictor variables and 
Fraction Achievement subtest scores as criterion variables then 
Fraction Retention Subtest scores aS criterion variables. One signif- 
icant correlation emerged from each analysis. The most important 
relationship at the grade four level was linear subdivision and 
Sip lemull cei ceratiOnewLeneinitialetractions... At theveradessix: level 
all TBMC subtests contributed to the relationship with linear and 
area subdivision showing the strongest relationship to initial frac- 
EXONS, MCOMDALINO er TacliOnsmanascdulya Lencenmencetilcmorddemelgicmlevel 


all TBMC subtests showed a relationship with initial fractions, 


Ly 


number line and multiplication/division with number line contributing 
most substantially to the relationship. 

A second analysis involved an ANOVA on Fraction Test scores using 
TBMC, nonverbal I.Q. and school as factors. Results indicated that 
TBMG has a Slenaticant main effect’ at all grade levels. Nonverbal 
IpQee nas) aesieniracant ettect at srades Six and eight. School has a 
Significant effect at the grade 4 level and on grade 6 retention 
Se0res. 

A third analysis involved computing correlation coefficients among 
total scores for TBMC, Fraction Achievement and Fraction Retention. 
The coefficients were compared to coefficients between nonverbal I.Q. 
and the fraction tests. Results showed that the total TBMC scores are 
ateleaStmaSeoOOGna predictor of achievement as nonverbal 1.0. at the 
erademrOurelevelws ),0.. 15-4 Detter predictor Chan TBMC at the erade 
Six anid selohnte eve lis”. 

For the second purpose an ANOVA was carried out on TBMC scores. 
Nonverpalal.Onawdasetounceco nave a Significant effect at all, levels. 
PcvoolmNadeassieniticanteertect, on grades four and eight scores. Sex 
had no effect on TBMC at any level. 

The general hierarchy of measure development was supported by 
TBMC resuits. The more complex tasks were not mastered by students 
lini orademeloltierconsiderablyeslacer thanmtherriclinical, counterparts. 
It was concluded that students in the elementary school classroom 
cannot be assumed to have an operational understanding of linear and 


area measurement tasks and models. 
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Chapter I 


THE PROBLEM 


Background 


The National Assessment of Educational Progress contains a report 
on the state of U.S. school students' fraction concepts (Carpenter et 
al. 1975). By the time a student has reached his thirteenth birthday 
he has received large amounts of instruction on fractional number 
EOnCcepts.. Contrary, to What micht be expected from large amounts of 
“xDOcULCECO mE ACULOMN=CONCeDES =the = ena resulters tar {rom Satistactory. 
Not only is the junior high school student unable to operate with 
fractions, the assessment seems to indicate that many older students 
and adults are lacking fundamental skills. In the Edmonton School 
Systems a total of twenty weeks or more is spent on fractional number 
instruction. An evaluation carried out by this researcher in 1974 
indicated that students in grades seven and eight had not mastered 
Dastemeract1on concepts. 

The concern is not new. Mathematics educators have recognized 
the existence of a problem with rational and fractional number learning 
for many decades. Kieren (1977) states that in 1831 DeMorgan wrote of 
his concern over the great difficulty experienced by students who were 
adults learning fraction concepts. DeMorgan perceived the fraction 
construct to be a set of computational algorithms. Research since then 
has tended to focus on instructional strategy, analysis of mathematical 
structure and sequencing, and establishing a best sequence of operations 


(Suydam 1969, 1973). A continuous stream of research has produced 
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descriptions of errors most likely to be made by students operating 
with fractions. Some success has accrued from these studies inasmuch 
as scores on achievement tests are significantly higher for one experi- 
mental group than another. The implications are usually for immediate 
inclusion of the "successful" practice into the curriculum. However, 
too often, scores for the "successful" group are well below acceptable 
standards. The prevalent attitude among researchers seems to be to 
perfect the existing curriculum rather than to change it in a funda- 
mental way. One basis for making such a fundamental change is to study 
the task performance of children of various ages. Curriculum decisions 
could then be based on mastery of tasks at the different age levels. 

A still cogent study was carried out by Washburne (1928) and 
directions for change were suggested in view of low achievement scores 
Dyestudents von various fraction concepts. A battery of tests including 
fractional number concepts was administered to 5,000 grade six children. 
Findings indicated that students who began arithmetic instruction early 
showed important gains in knowledge over those who started late. A 
later report (Washburne 1931) included the ages of students who mastered 
the various fraction concepts and operations. It was found that a 
satisfactory number (75%) of students at age ten years had mastered the 
operations of addition and subtraction with fractions having like 
denominators. When denominators differed the operations were not 
mastered until age thirteen years ten months. 

Since the Washburne-initiated studies, a large number of research 
studies have been carried out (e.g., see Suydam 1964, Payne 1975), often 


resulting in low success on specified objectives. On the basis of 


ve a t Gr ‘ 
ve eat 1 + 
> ey ed —- 


these findings several questions arise: 


1. Are fraction concepts important enough for 
continued inclusion in the curriculum? 


2. What is the nature of fraction concepts in 
Chae aren 


3. .Gouldsoreshouldstractvonsinstructionebe 
delayed? 


4, If not, why is the achievement level low — 
what information about children's thinking 
and curriculum might improve performance? 

One area which could provide answers to some learning problems is 
that of the instructional model. Particularly in elementary school, 
but in junior high as well, teachers rely upon concrete models for the 
Ecaching OLemathoematical concepts. In the case of initial experience 
with fractions, three models are introduced regularly with instruction. 
They are set, linear measure, and area measure (region) models. The 
underlying belief is that the incorporation of these models into 
ic EructtOnewLitetactlicatenche learning, of fractional number concepts. 
As with the use of any such model, there are certain implicit assump- 
tions necessary for success: 

lee tThe mathematical structure of the modeljis related 


to the mathematical structure of the concept being 
represented. 


2. Students who are being exposed to the model as a 
learning device understand the mathematical 
structure associated with iit. 


3. Students are able to transfer this knowledge from 
the model to the abstract mathematical system under 
study, for-ourspurposesthertractional numbers. 


Statement of the Problem 


The major purpose of this study is to explore the relationship 
between measurement behavior and performance on fractional number tasks. 


In attempting to clarify this relationship the following research 


questions are studied: 


ie 


Definitions 


What is the nature of the relationship between 
measurement concepts and rational number concepts 
at three grade levels? 


Do school attended, sex, and 1.Q. have an effect 
on measurement test scores at the three grade 
levels? 


Does performance of students from different schools, 
having high or low measurement scores, and high or 
low 1.Q. scores, differ on rational number tests at 
cChestinecemonademlevels: 


Is the measurement test a potentially useful 
predictor of rational number achievement at the 
three grade levels? 


This report contains several terms which have special meaning in 


MelaelOonmctOs ticestudy.. A list. Of deltinitLons or. those terms tollows: 


measure - aunit function which assigns a number to 
a given quantity. 

measurement - the assignment of numbers to quantities. 

measurement tasks - any tasks involving measurement or properties 
of the measure function. 

fracttonal numbers - the sets of equivalence classes of fractions . 
where a and b are nonnegative integers and 
b # 0. The term fractton will be used to 
denote either the abstract number or the 
numeral, its meaning dependent upon context. 

mode tl - concrete or diagrammatic embodiment of 
mathematical structure. 

linear model - the number line. 

area model - any plane surface or regton model such as a 
circular or square figure which is broken 
into congruent parts. 

rattonal numbers - any number that can be expressed as a quotient 


+ where a and be are integers and b # o. 
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Basic Assumptions 


Basic assumptions underlying the present study are: 


1) that linear and area measure models are two of the 
most common means of presenting fraction concepts; 


2) that the measure concept is developmental in nature 
and the level of comprehension is quantifiable through 
administration of a paper and pencil test. 


Delimitations 


The following delimitations were imposed upon this study: 


emenneestudy aisedelamited.tosgrades tour, six and eight 
from four Edmonton Public Schools. 


2. The fractions unit objectives from the Elementary 
Mathematics Program were used as the basis for test 
items at the grades four and six levels. 


3. Objective A-1 of the rational number unit, Junior 
High Mathematics Program, was the basis for test items 
atecnesorade ser chtglever ; 


4, Only those objectives were included which were covered 
by all teachers at a given grade level. 


Limitations of the Study 


There are two major limitations to the study. Three different 
residential areas were selected as a sample of the city population. The 
sample does not include native or immigrant populations where English is 
spoken as a second language. 

No attempt was made to control amount of time spent on a unit by a 
teacher. At the grade four level classes spent three weeks with little 
variation. Grade eight classes spent two to three days in review of 
previously learned fraction concepts and grade six, where units are 
longest, spent from six to eight weeks. Variance on achievement due to 


schools must take the time factor into account as much as possible. 


Importance of the Study 


Measurement models are used regularly for instruction in the ele- 
mentary and junior high school. The problems associated with transfer 
of mathematical structure from model to abstract number system are many. 
It is generally assumed that such transfer takes place, i.e., that the 
learning of abstract concepts has been facilitated by use of the con- 
crete material. The implicit assumption that students who are exposed 
to linear and area models are aware of the properties associated with 
those models may not be defensible, particularly in view of recent 
research (Steffe 1971, Montgomery 1973) concerning failure of students 
to operate with measure properties. If students are unable to operate 
successfully with measure model properties, then those related attri- 
butes of the models cannot be expected to contribute to learning of 
related fractional number concepts. 

It has been assumed that students who possess the premeasure skills, 
conservation, transitivity and so on, will readily combine those skills 
to perform the more complex tasks of measurement. The synthesis of 
premeasure skills may not occur immediately and in fact may take several 
years to develop. Student performance on the measure test provides 
information as to the level of acquisition of some of these complex 
skills. A student's failure to understand the measure concepts may 
seriously inhibit initial learning with fractional numbers. 

This study attempts to provide information on the development of 
measure concepts. It then attempts to determine the relationship 
between these developing concepts and achievement of fractional number 


concepts. 


Outline of this Report 


This chapter has provided a statement of the problem and questions 
to be answered by the study. In Chapter II a review of the literature 
is presented which establishes the theoretical framework for this study. 
The research questions are broken down into hypotheses and the statis- 
tical design outlined in Chapter III. Chapter IV provides a discussion 
of the development of all measuring instruments and validity and reli- 
ability measures of the completed forms. Chapters V and VI report 
results based on data analysis and conclusions based on those results. 


The original questions posed in Chapter I are addressed in Chapter VI. 
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Chapter II 
LITERATURE REVIEW AND THEORETICAL FRAMEWORK 


Introduction 


The purpose of this research was to establish the relationship that 
exists between the notions that underlie mathematical models used to 
present abstract ideas and performance by students at three grade levels 
on rational number tasks. The purpose of this chapter is to develop a 
theoretical basis for the study based on research in the field. 

Although research on the topic of rationals and, more specifically, 
fractions, has not been neglected in the past, the focus of most research 
has been oriented toward algorithmic operations. It has included 
comparisons between various algorithmic approaches, analysis of errors 
made during computation, and sequencing for instruction. While the 
above mentioned types of research are of value to mathematics educators, 
they will not be discussed here as they are not pertinent to this 
Research. 

The chapter reviews three major areas of research: an analysis of 
the measure and rational number systems from the mathematical point of 
view; psychological considerations of the measure concept — mainly 
Piagetian-based research; and recent research which has taken the newer 
models of rational numbers and psychological constructs into consider- 
ation. Finally, a section is included which summarizes the theoretical 


framework as it emerges for the study. 


The Systems of Measure and Rational Numbers 


The use of measure as a model for teaching fractional numbers 
assumes that the mathematical structure of the measure system is similar 
to the structure of the fractional numbers. That this is a defensible 
position rests in comparing the two structures. The concern here is 
with the linear and area measure systems only. They represent the most 
commonly used instructional models, region and number line, at the 
elementary and junior high levels. One might question exclusion of the 
set model, as it is both a familiar model for teaching fractions and a 
measurement model. The exclusion is based on the discreteness of set 
elements. Unlike linear and area measures, which pertain to continuous 
phenomena, numerosity pertains to sets of perceptually discrete elements. 
Structural similarities are also greater between linear and area models. 
Research studies which have included both continuous and discrete 
fraction models have recorded difficulties which may be the result of 
confusion caused by the set model (Payne 1975, Owens 1976). 

Measure as a mathematical model is distinguishable from the measure 
of everyday concern by its exactness. The functional properties of the 
model which are discussed below necessitate thinking in terms of an 
idealized situation. We need not concern ourselves with the errors 
associated with applications of measure systems, for example using a 
metrestick to measure room length gives a range of answers. We are 
concerned with the perfection of an ideal situation where it is not 
necessary to cope with error. This model provides well defined struc- 
tures which facilitate the study of a less than perfect reality. It is 


this model of measure that is important for the present study. 


Linear and area measure systems have structural similarities. It 
is therefore economically prudent to discuss the linear measure system 
and then compare the area system. This section is fashioned after 
Blakers (1969) and includes a discussion of only the structure relevant 
to this study. 

A measure system is defined as a function that maps elements from 
a quantifiable domain space to elements of a numerical range space. In 
the case of linear measure we deal with a domain the elements of which 
are characterized by a length property. Call the domain set L. We 
assume that any two elements from L can be compared with respect to the 
length property. It follows that given 1. € L and 1. ealnmeLtuher 1. is 
the same length as l, or 1. USP NOtCe tier sanen lengeh.g) 1 he sexact possa — 


bilities are: 


tm 1 (aut ra is the same length as 1) 
Le > L ine ie has greater length than ~~) 
l. < 1 (if 1. is shorter than 1) 


The above relation on set L satisfies the symmetric, reflexive, and 
GraicteuyesDrODeTeleswanaml sit ieretor cna equivalence relation Ones 
The equivalence relation partitions L into a set L' of distinct equiv- 


alencemc lasses a ltets possible _osdetinerasre lati OnmonmlamouCcimEna te 


t i] ! 7 ! 1 ; < 
le 1. < 1, Lt 1. € a A l, € 1. 1. l 
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a b b G a fe) 
Bt Forstany; Li's 1 Cul wetnererexistsy ats Least 
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and <' is an order relation on L'. The above properties establish L' 
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as a densely ordered set with respect to the comparison relation <'. 
Furthermore, it is possible to define an operation (*) on L' whereby for 


any 1, 1." € L' there exists an se eal suchmthac iy S 1! =n Lt: 


b Cc 


The operation defines addition of lengths and says that when any element 
of ey is combined with an element of 1 the resulting length will be 
equivalent to an element from another equivalence class, 1. SGU CoLy, 
speaking the combining (addition) operation is not commutative since 
1s! 4 1 # 1 = a DyecurecteCOilpatison.) slnateiis, Clrect Comparison 
MomnOUCeDOSSID1le.= b4 We cerine (1s ii RN ee te then we have the 
necessary comparisons for 1, - 1! and the operation * is commutative 
ieee tne structure 1secomplete, Lor our purpose, with addition of 
the Archimedian property: for 1’: 1 Sy dy telneia a <n 1 where n 
is a natural number. 

A structure has been established on the domain set of linear 


measure, L, as follows: 


1. The comparison relationship < partitions L into 
disjoint equivalence classes, L'. 


2oecLouets dense withsrespect. to ithe relation, <‘-. 


3. L' with relation <' is a commutative semi group 
Unde Tae 


AL awiths << and “= is Archimedian. 

To illustrate the similarity between area measure and linear 
measure domains we move to an examination of area. Here we are dealing 
with a set of regions characterized by two dimensions. Quantification 
of size becomes perceptually more difficult than with length. By taking 
A to be the set of all regions, it is possible to establish a size 
relation, <, based on area, that satisfies the reflexive, symmetric, and 


transitive properties of an equivalence relation. The equivalence 
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classes form the set A'. It follows that the elements of A' are mutually 
exclusive. We can define an order relation, <', on A' so that for 
Gm Ome earch 
eed ede ai i] 1 < 
e : if a. € a. : a. E a then a. a 


Jee 4S toe ' caret ! Toe ' 
why os < Me we ar Be oc 


SeeeLOn am SU a. there exists some a. eeAte such that 
Cres. a! <! ay 

Analogous to the addition of lengths in L', there is an operation 
(*) which combines any two elements of A'. The densely ordered set A' 
With the operation (*) forms a commutative semi group. 

The structure of A is similar to L with difficulty arising from 
the nature of the region elements. As two dimensional entities the 
comparison is more complex than simple considerations of length, a one 
dimensional entity. Nevertheless, it is possible to make such compari- 
sons in the idealized situation. In reality, this problem is avoided 
at early grade levels by including only those domain elements which 
have simple, polygonal configurations that facilitate direct comparison. 

It has been demonstrated that the linear and area domains possess a 
similar structure. Both systems have a range space which in its most 
complete form is the set of real sttttyenisn At beginning levels the 
measure model is studied as a system which utilizes only a proper 
subset of domain elements; those which map to the natural numbers. 


Given the structure of the natural numbers, N, we know that for 


me eaN; Nh € N there are three possibilities for the relationship 


aon fact, it cannot be shown that the entire set of reals is neces- 
sary. The positive rationals do not provide a sufficient image space 
but only for a subset of the domain. It is possible to map every domain 
element into the reals but not every real has a preimage. 
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Tnesespropertiesscorrespond sto the order relation on L' but N lacks 
density. Clearly N is not dense with respect to the order relation 
Since for any two natural numbers there exists either a finite number 
of natural numbers between them or none at all. This lack of density 
makes the natural numbers inadequate as a range space for the measure 
systems insofar as establishing a 1-1 structure preserving function is 
concerned. 

The justification for using measure to introduce rationals rests 
on showing similarities between the two structures. The current study 
deals only with the set of fractional numbers which are isomorphic to 
the positive rationals. A study of the structure of the fractional 
numbers, F, will serve to justify use of the measure models. 

F is defined in terms of N. Let N_ be the set of all = such that 
a, b € N and b # o. Then we define the usual equivalence relation on 
Ne and the resulting equivalence classes define the set of fractional 


numbers F. Given any f.> f. € F, an order relation is defined on F so 


i ahh a 
j < =e SS SSS 
that if we assume f, f. where f, 5 f., 5 
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< 
then ajb, ba, 


The following properties can be shown to hold: 
a a 


‘ db w) 
Ls fi < f., iige fy B,’ f., b, and a,b. 129 


Zee Leelee Sot f., < f, then f, < f, 


Som Or f.> f., f. € F when fi < f., then 


f, = f. < f., for some f.. 


The third property shows that F is dense with respect to the order 
relation. ))Furthermore, the operations of +.and)»x can be. defined,so the 
commutative property holds and so multiplication, x, is distributive 
with respect to addition, +. The set of fractional numbers, F, is a 
commutative semi group with respect to both operations. In particular 
the fractional number system with addition is structurally similar to 
the domain space of both the linear and area measure systems. A valid 
rationale for teaching rational numbers through measure models is 


obtained. 


Transfer 


It has been shown that the structure of measure is sufficiently 
Similar to that of rational numbers to justify one assumption of using 
measure models. It was assumed also that students will transfer their 
knowledge from the models to learning rationals. There are no known 
studies of transfer from measure to rationals, although Sambo (1976) 
has initiated a project which will integrate principles of transfer into 
rational number instruction. His instructional design will focus on 
structural properties of linear and area models and their transferability 
to the rational number system. 

Discussions in the literature of transfer vary in degree of rigour 


but it is generally agreed that transfer involves the use, by students, 
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of previously learned material in some unique way. According to Gagné 
(1970) there are two transfer categories. Lateral transfer involves the 
application of a learned behavior in a similar, but not exactly the 
same, situation. Verttcal transfer involves the acquisition of a 
complex concept from simpler concepts which facilitate development of 
the more difficult idea. Neither type of transfer can take place 

unless the previous information has been acquired. Gagné states: 


It-is of prime importance to note that transfer is 
a phenomenon which depends on previous learning. 

. something must first be learned before it can 
be transferred [p. 235]. 


Osborne (1975) states six principles of teaching for transfer 
predicated on identification of a prior learning set, P, and a subse- 
Cuenemlcatminvesct.0o. sine principles are: 


1. The teacher must identify those attributes of 
learning common to P and S. These attributes 
include ‘both the products of learning as well 
as the conditions. 


2. The instructional materials and design for 
learning P must emphasize and/or make explicit 
thesattributeseot Pp thateare common, to P and S. 


3. The more complete and thorough the learning of 
P, the greater the likelihood of transfer. 


4. The design of instruction for S must be in terms 
of the attributes and conditions for learning 
thatecharacterizesry, 


5. More powerful and inclusive concepts, principles 
and generalizations have greater potential for 
facilitating transfer than the less powerful and 
lessainclusive. 


6. Instruction for S must highlight the differences 
as well as the commonalities of the attributes 
Orman SmileorderetOmprocec eetien learmer.crom 
overgeneralization. 


Osborne's focus is on instruction for transfer and therefore certain 


temporal conditions are placed on the transfer from P to S. In 


discussing the functional properties of various measure systems Osborne 
points out the associations to be made between the domain and range 
structures. He sees these as prior learning and subsequent learning 
sets, respectively, when dealing wtthtn a given measure system. An 
across transfer problem is one in which instructional objectives involve 
moving from one measure system to another having common attributes. The 
measure system to which students are exposed first would constitute the 
prior learning set and that which comes second constitutes the subse- 
quent learning set. Finally, transfer from a measure system to a 
mathematical system distinct from it is referred to as an outstde 
transfer problem. In every context the transfer is treated as a func- 
tion from the prior learning set, P, to the subsequent set, S. 

Gagné's (1970) emphasis on the transfer of that which is thoroughly 
understood supports the supposition that students will learn rational 
number structure, from models having related structure, at least to some 
extent. The necessary condition is that the related model structure 
must be understood. Osborne's analysis suggests that more rigorous 
inclusion of model structure into instruction is necessary for transfer 
to take place. Although Osborne's model does not fit the present 
CuEnIcllumpexacilyeaeiscs dOCSeth tt minleamlimited mwaycmeul ere ee.s bSma 
potential for developing measure concepts and applying them in the 


learning of rational numbers. 


Psychological Research on The Measure Concept 


A theoretical framework that prefaces the study of fractional numbers 


by understanding of measure concepts assumes that such understanding 
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exists in the learner. This section is a summary of research into 
psychological aspects of linear and area measure concepts. 

Research that has focussed on the measure concept generally has 
been based on the work of Piaget and his associates whose initial work 
is outlined in The Chtld's Conceptton of Geometry (Piaget et al. 1960). 
The four stages described by Piaget in the development of measurement 
include: 


Stage I. Children make quantitative comparisons on the basis 
of single dimension perceptions. They do not conserve. 


Stage IIA. Comparisons are still unidimensional but attempts 
are made to align the objects being compared. Conser- 
VatlOnelsus tll ano GOperationa leat. age 15-6. 


Stage IIB. Children are beginning to conserve and so to 
begin measure. They are bound by a failure to compare 
Size of units. Age 6-7. 


Stage IIIA. Children possess the abilities to recognize 
differences in unit size and number of units but not 
at the same time. Age 7-8. 


Stage IIIB. A synthesis of unit size and number of units 
necessary to cover the object takes place and measure- 
Mente as uUnit~iteration is operational. Age 9-10. 
Stage IV. Measurement development is complete, characterized 
by ability to calculate area on the basis of linear 
dimension. Prior to this the child was unable to perceive 
of space as an infinite and continuous set of points, a 
necessary condition for finding area without physical 
comparisons. Age 12 and older. 
Before measurement becomes operational the child must internalize 
a number of premeasurement tasks. Not until the child is able to 
combine operations will he be able to measure. A great deal of research 


has been carried out on the prerequisites to measure, most importantly 


conservation and transitivity. 


MOiTe rey 
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In reviewing the research on Piagetian-type measurement tasks 
Carpenter (1975) says the "pattern of development of conservation 
appears to be consistent" within a variety of contexts. These include 
perceptual illusion, perceptual distractors, transformational change, 
and changes in representational mode. Beilin (1964), in a study 
involving perceptual cognitive conflict, found that children had 
difficulty equating areas that were not spatially congruent. Two 
results from the study are of particular interest. First, children 
in grades K-4 were able to respond correctly when comparisons involved 
Similar shapes but one figure had a part missing. They had difficulty 
with nonsimilar figures. Second, there were different responses when 
comparisons were made between figures composed of smaller units than 
the original and figures composed of larger units. 

The methodology employed in studies of transitivity has greater 
effect on results than do those on conservation studies (Carpenter 
1975). Piagetian research indicates arrival at qualitative transitivity 
by age 7-1/2 and quantitative acquisition about a year later. Bailey 
(1970) places acquisition much earlier. Bailey has suggested that 
children may be unable to recognize situations where transitivity is 
inappropriate and tend to apply transitivity consistently regardless 
of the problem. Braine (1959), in utilizing nonverbal techniques, 
placed acquisition of transitivity about two years earlier than Piaget. 
Smedsland (1963) discusses the sources of misinterpretation of trani- 
tivity data and through a new series of tests places the age of acqui- 
sition of length transitivity at 8 years. Evidence suggests varying 


levels of performance depending upon context so that acquisition of 


aiuongaiabhity.ac eel 


ie 


the transitivity concept is not easily assessed. 

There is general agreement that conservation and transitivity are 
highly dependent and interwoven concepts. Although Piaget (1960) 
suggests the two develop in consequence of one another, some studies 
(Smedslund 1963, Steffe and Carey 1972) claim conservation appears 
first and Brainerd (1973) found transitivity preceding conservation. 
Regardless of the lack of agreement concerning acquisition of the two 
premeasure skills, there is general agreement that both skills must be 
acquired before measurement is operational. 

The final measurement stage is achieved by about twelve years of 
age. This finding is generally agreed upon by researchers who have 
undertaken to validate the measurement hierarchy. 

The basic element in the measure process is the unit of measure. 
Carpenter (1975) found that at the grade 2 level, children responded to 
numerical attributes as willingly as to perceptual. Difficulty arose 
through their failure to concentrate on two attributes simultaneously. 
Children's answers depended upon which attribute was being centred on. 
Although students were not able to logically multiply number and size 
of units it was found (Carpenter and Lewis 1974) that many students 
recognize the compensating relationship but are not able to deal 
successfully with it. Bailey (1974) found a similar failure to syn- 
thesize number and size of units in comparing polygonal paths. He 
concluded that before students can successfully compare paths they must 
besablesva.: 


1) establish number relations, 
2) establish length relations, 


3) conserve length, 
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4) conserve length relations, 


5) use the transitive and substitutive 
properties of length relations. 


He concluded that the ability to establish correct relations appeared 
in children after age nine. 

Steffe (1971) investigated, and found essential to measurement, 
eNesOroOpertices sof transitivity eroversibility and substitution. He 
recognized a need for the children to operate with two relations 
simultaneously. Sinclair (1971) suggested that it is the conflict 
presented by focussing on different dimensions of a problem, for example 
number of units or size of units, that ultimately leads the child to 
operational measurement. The measurement ability is viewed as 
dependent upon resolution of these conflicts. 

Montgomery (1973) carried out a study relating a child's ability 
to learn unit of length concepts with success in unit of area settings. 
The treatment involved a group using congruent units for comparison and 
another group using varying units. Results indicated the varying unit 
approach was more successful although there was no apparent interaction 
between success on the linear concepts and area treatments. The 
Montgomery study suggests that presenting students with a conflict 
Situation will facilitate the achievement of operational measurement. 

In a study of the formation of mathematical notions (Gal'perin and 
Georgiev 1969) it was found that all notions were subordinated by the 
unit concept... Instruction which usedsasdiscreterenti ty, to detine the 
unit was confounded by the students' failure to take size and shape into 


account. The authors state that defining the unit as an entity: 


: . has two fundamental flaws. Frrst, it has no 
relationship to the unit measure and does not develop 
an understanding of the fact that the number is a 
relationship of the quantity to the unit of measure. 
Second, such a definition permits consideration of 
the quantitative nature of things only when they are 
compared directly [p. 194]. 

As a result of this study a program was devised whereby units were 
distinguished from discrete entities and units of different sizes and 
shapes were used. The performance on measurement tasks of upper 
kindergarten children after the treatment was nearly perfect. 

Minskaya (1975) carried out a study using a sample of grades one, 
two, and three children who were expected to move from a concrete 
representation of measurement to symbolic representations. Problems 
first took the form of everyday objects, such as a doll to be measured, 
a "measure" which defined the function, and the resulting number. A 


doll could thus have more than one resulting number depending upon the 


"measure" used. The task was then written in symbolic form as: 


My = 29) M = doll 
k = "measure'"'! 
n = number 


From concrete situations students were expected to go to formulas where 
objects being measured were not present. Relationships between measure 
and number were established correctly by the majority of students. It 
is interesting that the children in this study were able to vary both 
unit size (''measure'") and number in making comparisons. 

From his studies of linear and area measure Piaget has concluded 


that length and area concepts develop simultaneously. Lovell et al. 


(1962) and Beilin and Franklin (1962) have reported that linear precedes 


area in acquisition. Coxford (1963) and Copeland (1974) have compiled 
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lists of concepts which must be attained before measurement is opera- 
tional and the idea of fraction understood. A summary listing of those 


COncen tse sec1 ven ing lableul,. 


Research on Curriculum and Instruction 
of Rational Numbers 


In applying measurement to real life situations and in dealing 
with typical school setting measurement problems, one might expect 
students to operate successfully by age 12 years. According to the 
National Assessment of Educational Progress in the U.S.A., most 9-13 
year olds can make simple linear measurements but find operations where 
the unit must be subdivided very. difficult. Nine year old children 
are unable to find areas when subdivided into congruent squares, and 
formula interpretations are impossible. Thirteen year olds are unable 
to compute area when presented in word problem form. Results of the 
NAEP on measurement indicate that students have not mastered the 
HssOCld Cede cOlncepes DY sages thirteen. 

Research based on the incorporation of basal measurement concepts 
into mathematics instruction, particularly in the area of rational 
numbers, is relatively recent. The research varies in nature from 
theoretical formulations of rational number representations (Kieren 1976) 
to establishment of dependencies within a hierarchy of fraction concepts 
(Novillis 1974). The studies reviewed here incorporate measurement 
into instruction on rational numbers as providing a unifying theme. 

Payne (1975) presents an overview of research done at Michigan 
since 1968 showing a trend from algorithmic focus to integration of 


measure models into instruction. Green (1969), distinguishing between 


TABLE 1. CONCEPTS NECESSARY FOR THE ATTAINMENT OF MEASUREMENT AND 


UNDERSTANDING OF FRACTION 


Linear Area 
I. Length 1s determined by the ieee GOlservactrzon. of area. 
configuration of material 
between the endpoints. Zomeconservation of 


complementary area. 


2. Conservation of distance. 


Sree UND eeiceration. 


5. Conservation of length. 


4, Dividing a region into 


4. Use of rulers smaller than Sciseana Otns. 
the object (unit iteration). 


>. Multiplicative relation 


5. Accurate subdivision. between length and area 


is understood. 


Guapcal use 2 Oro perpendicular 
measures to locate a point. 


Fractton 


There must be division of a whole. 


A whole will be divided into a determinate 
number of parts. 


Subdivision is exhaustive. 
A fixed relationship exists between 
number of cuts of a whole and the 


subsequent number of parts. 


All parts of the subdivision must be 
equal. 


Fractions are parts of the whole and 
subdividable wholes. 


The whole is invariant under subdivision. 
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an area approach and a traditional "of'' approach (where the first factor 
defines a fractional part of some region), found: 


1. The area approach was superior. 


2. The area-diagram treatment worked for 
middle and low achievement groups 


3. The area groups had difficulty with area 
models for multiplying fractional numbers 
by whole numbers. 


4. All groups had difficulty with mixed 
numbers. 


5. All groups were able to multiply 
fractional numbers. 


Although group scores were significantly frerene Statistically, 
the mean scores were not dramatically different between groups. For 
example, mean score on computation for the area group was 9.47 of a 
possible 12 and for the "of" group was 9.04. 

Bohan (1970), in a study of equivalent fractions, used region and 
number line models to illustrate equivalence with variation in treat- 
ments due to sequencing of operations, paper folding, and use of the 
property of one to get equivalent fractions. Results of the study 
indicated a superiority of the method which incorporated paper folding. 

Coburn (1973) studied the effects of the region model against the 
ratio model for teaching equivalence to grade 4 classes. His findings 
included: 


1. Region diagrams were most difficult for 
SCUdENtSECOmINLeEDLet. 


2. Region was superior on addition and 
SuUbtractloneOtsUn LI ker ira ct lons:, 


3. Achievement was higher on problem 
solving for the region group. 


A pilot study (Payne, 1975) involving several graduate students 


focussed on teaching algorithms in a meaningful way through materials 
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and diagrams. Initial sessions ended with little success at a grade 
four level. The group went to a second pilot using a sample of five 
grade four students and including region and then set models to intro- 
duce initial fraction concepts. Number line came last. Mastery was not 
achieved. As a result of this pilot, a third organization of content 
was established in which the measurement idea was the overall theme. 

Muangnapoe (1975) used an initial fraction sequence, IFS, and 
taught one section in his study which included five groups. Students 
received better scores on content taught under IFS than on other content 
Objectives. Difficulties,similar to the earlier pilot studies persisted. 
They were: 


1) identifying a unit from a diagran, 


2) realizing the need for equal size 
PavtsyOLeasuni t, 


3) comparisons involving fraction symbols, 
4) fractions greater than one, 


5) applying fractions to the number line. 

Choate (1975) studied the effects of diagrams and sequencing on 
learning algorithms. Achievement was found to be comparable for all 
groups. Transfer items were answered correctly by more students from 
treatments which left rule statements until last or did not give them 
atea Ll 

Novillis (1976) tested grade seven students on ability to locate 
fractions on the number line. Control variables were length of the 
number line and subdivisions of the unit segment. Length of the number 
line was one or two units and the number of subdivisions equalled the 


denominator or twice the denominator of each fraction to be located. 
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She reports differences at the 0.001 level for both length and equi- 
valence with students achieving higher when number line had length one 
and when subdivisions equalled the denominator. The interaction between 
factors was also significant. Novillis suggests that students treated 
the entire number line as a unit regardless of coordinates given. 

Owens (1977), in a study of the relationship between area concept 
and learning fractions at the grade 3-4 level, found that: 


iPeeeA Cede Saaes toni bicalceraccor in determining 
LLaccLOneLtest= SCOLres. 


Z,upGrademileveleis notesipnificant. 
He concluded that area concept is related to fraction learning when area 
models are used during instruction. It was suggested that further 
peocarc mm sencedcaronationcradeslcvelsvarlable as 1t relates to the area 
CONGeDt. 

In a discussion of the rational number construct, Kieren (1976) 
conjectures that in order to understand the concept of rational number 
Students must be exposed to all interpretations. He lists seven as a 
basis for analysis: 

1. Rational numbers are fractions which can 


be compared, added, subtracted, etc. 


2. Rational numbers are decimal fractions 
and form a natural extension of whole numbers. 


3. Rational numbers are equivalence classes of 
EYACLUONS Age LNUS Del. we aie men cece atl Ona) 


number. Dud 16 


A IP 
4. Rational numbers are numbers of the form —, where 
Pp, q are integers and q # 0. In this 
form they are "ratio" numbers. 


5. Rational numbers are multiplicative operators, 
states related by such operators or represent 
Cilitatilonssometnesplane, 
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6. Rational numbers are elements of an infinite, 
ordered, quotient field. They are numbers of 
the form 

B nae 
X = a Wheremxesatisiicsedxm=, (i. 


7. Rational numbers are measures, or points on a 
number line. 


Because the natural thought of the child is not obviously related to 
rational number operations Kieren presents a twofold analysis. First, 
he presents a set of cognitive structures necessary to the development 
of each interpretation, and second, the kinds of instructional devices 
that facilitate learning within the interpretation. In a discussion 
of how the interpretations are related Kieren says: 

Although research is needed on the point, it seems 

logically and cognitively that the measurement and 

operator interpretations represent early direct 

access to rational numbers while the quotient field 

interpretation seems to represent a goal for later 

inseructione|pae4s |; 

In a later paper Kieren (1977) draws five subconstructs from the 
"pool'' of interpretations. The five: part whole, ratio, quotient, 
measure, and operator, represent) distinct patterns for looking at 
rational numbers and form a basis for mature functioning with rational 
numbers. 

In a colloquium paper, Sambo (1975) presents a psychomathematical 
development of rationals and places Kieren's seven interpretations into 
three categories: models; notational interpretations; and those which 
are fundamental to the rational number concept. Of those in the model 
category, he says measurement is the least abstract and most natural for 
children's activities. 


One study has emerged from the rational number as subconstructs 


framework. Proceeding from his complex structure of rational numbers, 
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Kieren (1977) isolates the operator subconstruct for further analysis 
involving students at the grade 4-8 level. He identifies three stages of 
development and speculates on a fourth which is beyond the scope of 
Operator situations considered in his study. Most students used a parti- 
tioning mechanism with non-unit operator problems. The ratio approach 
was used by only one student, a 13 year old girl, and was thought to 
represent the most elegant strategy for solving operator problems. 

This study represents an explanation of the basis of the measure 


rational number subconstruct. 


The Theoretical Framework 


The literature review provides an outline of the systems of linear 
and area measure and the rational number system as a complex of repre- 
sentations and subconstructs. It was demonstrated that a theoretical 
relationship exists between the mathematical structure of the linear 
and area measure systems and the fractional numbers. The assumption 
that using measurement models embodying measurement structure, such as 
the number line and region models, to facilitate the learning of 
fraction concepts is theoretically tenable. That the theoretical rela- 
tionship can be translated into a behavioral relationship has not been 
demonstrated. 

The purpose of this study is to explore the behavioral relation- 
ship which has its basis in the above theoretical framework. Speci fi- 
cally, a relationship is established between measurement and fraction 
concepts based on student performance on sets of selected measure and 
fraction tasks. The study involves students at three grade levels 


and provides a profile of change and comparison. 
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Chapter III 


DESIGN OF THE STUDY 
Introduction 


The purposes of this study were: 
1) to determine how basal measurement concepts relate 


to achievement with rational number concepts at 
three grade levels, and 


2) to determine the level of performance of students 
at three grade levels on basal measurement tasks 
and whether that performance is affected by 
residential area (school), sex and nonverbal I1.Q. 

The first purpose was translated into three basic questions and 
associated hypotheses. A threefold analysis involved factorization of 
the Test of Basal Measurement Concepts (TBMC) and factorization, of 
Fraction Achievement Tests at the grade four, six, and eight levels. 
PaceOrederinedesuptestsawere tien submitted to a canonical correlation 
analysis using TBMC subtest scores as independent variables and 
fraction subtest scores as dependent variables. Correlation coeffi- 
cients between total TBMC and fraction test scores were obtained to 
provide evidence of the global relationship between the two tests. 
Finally, a three way analysis of variance was applied to the fractional 
number tests to provide an estimate of the effects of school, nonverbal 
I.Q., and measure ability on fractional number achievement. 

The second purpose was accomplished through comparison of 

total scores and factors obtained from the factor analysis of the TBMC 


at the three grade levels. A three way analysis of variance provided 


evidence of school, sex and nonverbal I.Q. effects on TBMC scores, 


2g 


_ 
Po = 


Oth Set 


30 


The study was conceived as nonexperimental and correlational in 
nature with emphasis on relating student basal measurement abilities to 
learning outcomes. The study, attempted to validate the theoretical 
relationship between basal measurement variables and rational number 
variables in a behavioral context. As a result of the analyses, 
variables worthy of future study through controlled experimentation 
were isolated. These variables and proposals for further studies are 
discussed in-Chapter VI. 

This chapter describes the implementation of design including 


statements of hypotheses tested and the associated data analyses. 


Design Implementation 


In view of the uniqueness of the TBMC and the desirability of 
establishing relationships as they exist in the classroom, a decision 
was made to include units of instruction on rational numbers as they 
are outlined by the participating school system's program for mathe- 
matics instruction. The regular classroom teachers were asked to teach 
each unit as usual using whatever instructional devices they thought 
appropriate. Classrooms which might have been in an experimental 
program through some other agency were excluded from taking part in the 
study. 

The researcher was responsible for administering all tests. 
Immediately prior to instruction at each grade level on the rational 
number unit, the TBMC was administered to each class. Grade six classes 
began the units first and testing took place beginning mid November 


1976. Grade four was tested from late November to early January and 
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grade eight began testing in late January. Students varied a great deal 
in time needed to complete the test. On the average, grade four students 
needed 35 minutes, grade six needed 45 and grade eight needed 40. 
Particularly at the grade eight level, this time varied considerably. 

The rational number units of instruction were taught by the regular 
teacher and took from 3-4 weeks for grade four, 6-8 weeks for grade six 
and 2-3 days for grade eight. Some variation within grade level was 
due to a failure of some teachers to include all objectives included in 
the program guide. The grade eight unit on rationals was restricted to 
the first objective, a review of fraction operations, for the present 
study. 

To monitor differences in instruction between classes, specifically 
the use of region and linear models, an observation schedule was used at 
Meviilarmintervalswauring the time the unit was being taught. For this 
purpose, each classroom at the grade four and six levels was visited an 
average of once a week, either by the researcher or a trained graduate 
assistant. The grade eight classes were not visited because review 
lesson presentations were strictly symbolic. A description of the 
observation schedule including dimensions and coding is presented in 
Ghapter IV. 

Immediately following the unit of instruction an achievement test 
on rational number concepts was administered to each class by the 
researcher. The tests were identical across schools at a grade level 
and included only those items which all classes had taken up during the 
UNnleMOfminstrictionas Inthe case otegrade four classes 3 some teachers 


indicated their students had covered objectives, for example addition of 
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fractions, which were generally considered too difficult for that level. 
Items measuring attainment of addition concepts were included on the 

test and students were encouraged to answer them if they had been exposed 
to instruction on the objective. The addition items were deleted from 
the final analysis for the sake of across-school comparisons and factor 
analysis of the test. The test took a single class period to administer. 
A few students required time beyond the allotted class period. In all 
cases they were permitted to stay the extra minutes to finish. 

Three weeks following the achievement test a retention test, a 
pavallelerorm, Of theeachitevement test, was administered to all classes. 
Teachers were asked not Co review tor the retention test. Time needed 
to complete the test increased slightly for grade four and six classes, 
but remained the same for grade eight. Copies of all tests are 
included in Appendix A. 

Following administration of the retention tests, I.Q. scores were 
collected from cumulative files on each student. I.Q. scores consisted 
of Lorge Thorndike verbal and nonverbal standardized scores at the 
grade six and eight levels and Canadian Cognitive Abilities verbal, 
nonverbal and quantitative scores at the grade four level. Students 
who had failed to take an I.Q. test at the regularly scheduled group 
testing session but had been tested individually, for example by a 
counsellor administering a WISC scale, were deleted from the study. 

The final choice of I.Q. scores used in the analyses was based on corre- 
lations between the I.Q. factor scores and achievement test scores. 
Nonverbal I.Q. scores generally correlated most highly with achievement 


for grades six and eight. For consistency across analyses, nonverbal 
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I.Q. scores were selected for analyses at all grade levels. The corre- 
lation coefficients are illustrated and discussed again in Chapter V. 

The above data were gathered, and data collection instruments 
designed, with priority given to consistency within grade level. 
Although identical analyses were carried out at the three grade levels, 
comparisons are limited by achievement test item selection which reflects 


objectives for a particular grade level. 


Sample 


A request was made for schools using the regular program of instruc- 
PuOlteme PheSesscio0l|Sswere tourcpresent three residential areas of the 
city without including large numbers of native or second language stu- 
dents at any one level. Care was taken to request that elementary and 
junior high schools in the same residential category be located as close 
together as possible to ensure that students were representative of the 
same population. All elementary schools included in the study were 
feeder schools for junior high schools in the study. The researcher was 
assigned seven schools from the Edmonton Public System including one 
combined elementary/junior high. 

One residential area having a majority of heads of household 
employed in a professional capacity was selected. The associated school 
population was too small to provide a sufficient N for analysis so a 
second residential area located in the same general part of the city was 
selected to supplement the first. The second area is considered to be 
similar to the first in terms of population parameters and age of 


community. Both areas are less than fifteen years old and are strictly 
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residential. The areas are combined to form level one when the "school" 
factor is used in analysis. 

A second residential area type consists of a slightly older commu- 
nity of mixed occupational levels. Houses range in age from fifteen to 
twenty-five years and are predominantly single family dwellings. Some 
light industry is located on the perimeter of area two. 

The third residential area consists of housing developments equal 
in age to the second area plus a large number classified as "older" 
(more than twenty-five years of age). The area is characterized by 
large amounts of light industry and is bounded on the south and west by 
the railroad yards. Occupational levels are mainly blue collar and 
trades. 

The original sample included 169 grade four students, 202 grade six 
and 294 grade eight. Of these, complete data were available for analysis 
on 109 grade four, 137 grade six and 146 grade eight students. Most 
deletions were due to absence from tests or insufficient I.Q. data 
(mainly, at the grade four and six levels). Three entire grade eight 
classes were deleted for failure to take a test at the allotted time. 
Ten grade four students were deleted because they were in a seven year 
program and fifteen grade six students were deleted for similar program 
inequities. 

The school factor was categorized on the basis of residential area 
location. Clearly, other variables associated with the school could have 
a systematic effect on performance scores. Instructional variables 
could differ from school to school, influencing student achievement on 


tests. Of particular importance to this study was the incidence of model 
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use in teaching rational number concepts. Each classroom was visited at 
regular intervals and a profile based on model use drawn up of each 
Situation. During the visits an observation schedule was employed which 
enabled a quantification of the time spent using the region and linear 
models to illustrate various unit objectives. Observation schedule data 
were reduced to graphical profiles for each class. The profiles are 


presented in Figures 1A-1D and 2A-2G at the end of this section. 


Grade Four 

At the grade four level four schools are included. Schools one and 
two form level one of the school category. Classes from level one are 
designated 4A, 4B and 4C. One school forms level two and classes are 
designated 4D and 4E. One school forms level three with classes 4F and 
4G. All classes followed the Edmonton Public School Board "Elementary 
Mathematics Program" unit on fractions, objectives 10-13. Textbooks 
used were Elementary School Mathemattes Book 4 and Seetng Through Artth- 
metie 4 (STA) as a supplementary text. Teachers were divided as to whether 
to teach addition of fractions at this level and some did not. It was 
generally felt that the concepts "greater than'' (>) and ''less than" (<) 
were beyond the abilities of grade four students although certain 
teachers included them. All teachers felt the number line was not use- 
ful as a teaching model but all used it as specificed in the program 
guide. 

During instruction on fractional number concepts, grade four 
teachers all used region and linear models to some extent. Most used 


manipulative models such as paper folding and coloring to illustrate 


initial concepts and equivalence. Each classroom was visited weekly 
and the use of models recorded. (See Figures 1A-1D for graphical 
profiles of grade four model use.) Classes visited only three times 
were those where addition was not included in the unit and instruction 


took less than four weeks. 


Grade Stx 

The grade 6 classes in the study followed the Edmonton Public 
School Board "Elementary Mathematics Program'' booklet F objectives 
5-11. Elementary School Math book 6 was the preferred text with 
emphasis on exercise sheets and supplementary use of STA. Teachers at 
this level felt most students were capable of handling the concepts at 
each objective level. Once again, the number line was not viewed as a 
helpful device in teaching fractional concepts. Use of area and linear 
models varied but no teacher used manipulative materials. Schools were 
assigned to residential area categories in the same way as grade four 
schools. (See Figures 2A-2G for graphical profiles of model use at 


the grade six level.) 


Grade Etght 

Grade eight teachers did not use models to teach fractions. The 
rational number unit had one objective devoted to positive fractions 
and that was a review objective. Teachers considered the symbolic 
presentation adequate even in cases where students did not exhibit 


mastery of the concepts. 
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Profiles of model use at the grade four level (class 4A). 
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Hypotheses to be Tested and 
Statistical Procedures 

Four questions were posed in Chapter I as sufficient for the 
purposes of this study. In this section, the questions are translated 
into hypotheses which have been tested. The format for this section 
includes a restatement of each question, statement of the hypothesis 
associated with the question, and a description of the statistical 
process used to test each hypothesis. 

The gfirst question, restated, 1s: 

I. What ts the nature of the relattonshtp between measurement 
concepts and rational number concepts at the three grade 
levels? 

Mieeapproachatomtne sabove questionsinvolved .a factorization of 

TBMC items and separate factorizations of items from the two rational 
number tests. A principal component analysis was employed to include 
partitioning of total variance into components. The initial structure 
is unique and orthogonal with successive components representing 
successively decreasing amounts of variance (Harman 1968). Subjecting 
the initial structure to a normal varimax rotation simplified the 
structure while satisfying the "ultimate criterion" of factorial 
invariance (Kaiser 1958). In view of the particular analysis, it was 
assumed that items which loaded highly on a single common factor and 
near zero on other factors constituted a subtest of the test being 
analyzed. Subtests as defined were then chosen as variables for 
further analysis but only if they contained at least four items. 

On the basis of the above, scores from the TBMC subtests were 


treated as predictor variables and subtest scores from the rational 
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number tests were treated as criterion variables and submitted to a 


canonical correlation analysis to test the hypothesis: 


Hypothesis I: TBMC subtest scores are tndependent of fraction 
subtest scores at the three grade levels: 


a) for the Fractton Achtevement subtests 
as ertterton vartables; 


b) for the Fractton Retention subtests 
as ertterton vartables. 


Two analyses were performed at each grade level, first using TBMC and 
rational number fraction achtevement subtest scores and second, using 
TBMC and rational number fraction retention subtest scores. 

In the event that one canonical correlation was significant, the 
hypothesis was rejected and the associated regression equations 
Serutilazed to Gecermine relative Contributions of the different vari- 
ables to the variance accounted for by the canonical correlation. In 
this analysis, the coefficients associated with each variable were 
interpreted as valid weightings since the linear combinations of vari- 
ables on either side of the equation were chosen for their orthogonality 
as defined by the principal components analysis. 


Comparisons were made of the relationships between grade levels. 


Question II. Do school attended, sex, and nonverbal I.Q. have 
an effect on measurement test (TBMC) scores at 
the three grade levels? 


It is conceivable, in view of the developmental nature of the 
measure concept, that certain variables might prove influential at one 
level but not another in the effect on measurement scores. For example, 
one might expect differences attributable to nonverbal I.Q. at the 


grade four level but not at the grade eight level. Employing a 3-way 
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analysis of variance design, the main effects of school, sex and non- 
verbal I.Q. on TBMC scores as the dependent variable were analyzed. 


The following hypothesis was tested: 


Hypothesis II: There ts no stgnificant difference between 
mean scores on the TBMC: 


a) for the three school levels; 
b) for the sex categories; 


ec) for the high/low nonverbal I.Q. 
categortes. 


Where significant main effects were found for the school factor, 
the Scheffé method of multiple comparisons was employed to determine 
which of the factor levels were significantly different. In cases 
where interaction effects were significant, the estimated portion of 
variance accounted for was too small to justify further statistical 
testing of cell means. The significance of main effects was compared 
gtatneuthnrecegrade slevelsuas wellsas the importance tofreach, "as deter— 
mined by the estimated portion of variance accounted for by the factor, 
at each grade level. 

In all cases where ANOVA was used cell frequencies were unequal, 
the most extreme case ranging from 3 to 32 students. This indicates 
relationships among independent variables and suggests caution be used 
in interpreting results. Ideally, one would have hoped for equal cell 
frequencies. In the present study it is clear that even had the 
original sample remained intact, cells would have varied greatly. In 
view of the existing relationships among independent variables it was 
decided that unequal cell frequencies would be analyzed intact rather 


than impose an artificiality on the sample by equalizing the n's 
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(Kerlinger 1968). Results of the analyses are reported with due caution 
in Chapter V. 

In summary, the effects of school, sex, and nonverbal I.Q. on 
measurement were studied using a 3 X 2 X 2 analysis of variance design 
at the three grade levels. 

Question IIa: What ts the nature of differences between measure 
behavtors as assessed by the TBMC, of students at 
the three grade levels? 

The qualitative nature of Question IIa does not admit an hypothesis 

butiwill be treated in Chapter: V. 

Question III: Does performance of students from different schools 
having htgh or low TBMC scores, and high or low 
I.Q. scores, differ on rattonal number test scores 
at the three grade levels? 


The question was investigated by focussing on two hypotheses at 


each grade level: 


Hypothesis IIla: There ts no stgntftcant difference between 
mean Fractton Achtevement scores: 


a) for the different school levels; 
b) for htgh and low nonverbal I.@. groups; 
ec) for high and low TBMC groups. 


Hypothesis IIIb: There ts no stgntficant difference between 
mean Fraction Retentton scores: 


a) for the dtfferent school levels; 
b) for htgh and low nonverbal I.Q. groups; 
e) for htgh and low TBMC groups. 
As with Question II, a 3 X 2 X 2 ANOVA was employed. Sample attri- 
tion due to factors mentioned earlier reduced the original sample by at 
least one third at) eachagrade level.) AS a result, the 37x27 2 


factorial design had to be modified at the grade four level. At this 
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level the factor "school" was reduced to two levels from three by 
combining schools three and four. Schools one and two were combined 
aomusuaecOecepresenteleve. fone. = 1heeresulting factorial design’ was 

a des 202 The Originals X82 *< 2was retained at the grade six and 
eight levels. 

Where main effects were significant the Scheffé test for multiple 
comparisons was applied. Interaction effects were reported when sig- 
nificant but once again accounted for no meaningful portion of the 
variance and were put to no further statistical tests. The above 
hypotheses were tested also for the retention tests as dependent vari- 
ables and parallel analyses carried out. Comparisons of results were 
made between grade level and test. 

Question IV. Is the TBMC a potenttally useful predtctor 

of rattonal number achtevement at the three 
grade levels? 

The TBMC as an original instrument designed for this study should 
be applied in many contexts and subjected to further analysis and 
modification before a final form is established. In its present forn, 
the test is correlated with rational number scores to provide a measure 
of predictive validity. In this study, the correlation coefficient 
should be viewed as a potential indication of predictive power that can 
be expected to increase with refinements to the measurement test. The 
predictive power of the TBMC was tested in part through the following 
hypothesis: 

Hypothesis IV. The correlatton between TBMC scores and tests of 


rattonal number achtevement are not stgntftcantly 
different from 0. 
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If Hypothesis IV was rejected at any of the grade levels, then 
comparisons were made with nonverbal I.Q. as a traditional predictor 
of achievement. Predictive utility was dependent also upon the amount 
of variance accounted for by the relationship. 

All analyses were carried out at the University of Alberta Faculty 
Of Education Division of Education Research Services. Computer 
programs used in the analyses were the DEST 902, TEST 04, ANOV 35, 


FACT 18, and MULV 04. 


Summary 


This chapter has provided an outline of the procedures used to 
answer the research questions. A summary of the chronological sequence 
of activities associated with the research is presented as a flow 
diagram in Figure 3. The following chapter provides a description of 
the data collection instruments, their development and indices of 


validity and reliability. 
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admin. TBMC 
Nov. 1976 to 
etiay, ESV 


fraction winte Of 
instruction, 
(observation 

data collected) 

3-4 weeks 


admin. of 
fsa EO 
achievement test 
Dec. 1976 to 
Feb. 1977 
Ny 
admin. of 
retention test 
3 weeks after 
achievement test 
Jan-Feb. 1977 


TBMC Pilot 
study 
May-June 1976 


Sample Selection 


(three residential areas) 


Oct S76. 


grade 6 
admin. TBMC 


Nov. 31976. 


fract ton unit OF 


instruction (observation 


data collected) 
6-8 weeks 


achievement test 
Jan-Feb. 1977 


Feb. 1977 


files. March- 
Apweiig97 77 


data analysis 
June-July 1977 


AGIAN O Cearac ton 


Sy ea ee 
admin. of retention 
test 3 weeks after 

achievement test 


collection of 1.0. 
jj scores from school 


a 
grade 8 
admin. TBMC 


Jan-lreb. 1977 


fraction unit 


(review 2- 
3 days 


admin. of 
fraction 

achievement test 

Feb. 1977 


admin. o 
retention test 
3 weeks after 

achievement test 
Feb-)iarch 1977. 


Fig. 3. Sequence of activities associated with the research. 
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Chapter IV 


DEVELOPMENT OF THE DATA COLLECTION 
INSTRUMENTS 


Introduction 


The purposes of this study were to determine the relationship 
between basal measurement behavior and rational number learning and 
to assess student ability with basal measurement concepts at three 
grade levels. This chapter is concerned with the construction of data 
collection instruments, their validity and reliability. 

Three types of measuring instruments were used to collect data. 
The Test of Basal Measurement Concepts (TBMC) was designed by the 
Invest catoraror) thisestudyeand 1s of particular importance to the 
study. A paper and pencil test of basal measurement concepts does not 
exist and methods of assessment in the past have been clinical in nature. 
They have generally involved interview settings with various repre- 
sentational devices which were carefully explained by the administrator 
on an individual basis. In the interest of presenting a test in 
keeping with typical classroom testing procedure, the TBMC represents 
a departure from the classical approach to testing measurement behavior. 

In choosing test objectives from the domain of measurement con- 
cepts, it was necessary to be selective. To this end, the objectives 
around which test items were designed were restricted to those which 
reflect linear measure and area measure abilities, those properties 
embodied in fractional number models. The two major criteria for item 


selection were relevance to the study and appropriateness for inclusion 
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in a pencil and paper group testing situation. A great deal of atten- 
tion is given to the development of the TBMC including item selection, 
reliability and validity measures. 

Development of the rational number tests and the observation 
schedule, also designed by the investigator, are discussed as well. 

I.Q. scores were taken from cumulative records supplied by the 
schools and included only those collected during the regularly sched- 
uled group testing sessions. Nonverbal I.Q. scores were chosen for 
analysis with collected data due to higher correlation with fraction 
test scores than between verbal 1.Q. and fraction tests at the grade 
Six and eight levels. Validity and reliability of I.Q. scores are 


accepted as adequate. 


The Test of Basal Measurement 
Concepts (TBMC) 
Content 

The TBMC was developed to assess level of performance on linear 
and area measure tasks. In the past, a great deal of research has been 
carried out on isolated measure tasks, and stages of development in 
children have been established. A summary of that research was given 
in Chapter II, Section IV. The research on measure concepts has been 
almost exclusively restricted to premeasure tasks in clinical settings 
with children aged 4 to 10. Very often mastery of certain measure 
tasks was attributed to children who had satisfactorily completed manip- 
ulative tasks. Less work has been done using pictorial representations 
and indeed it should not be assumed that children who function at an 


enactive level can handle more abstract levels of representation. The 
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present rational number program at the elementary level is based on an 
assumption that students are able to understand more abstract and 
symbolic measurement representations. The development of the measure- 
ment test was therefore based on that assumption. 

The measurement test was designed as a paper and pencil test to be 
administered in classroom group situations by the researcher. This 
type of testing is in keeping with instructional materials and strat- 
egies at the levels under study. 

The test was visualized as having two main components, a linear and 
Ale beassupces@ ss Ineslinear Subtest 1s dealt with first as it has 
fewer dimensions; therefore fewer items were included. Items which 
assess a child's understanding of linear measure could provide a measure 
of his ability to deal with number line tasks. A particular instance 
is the student who is unable to subdivide a line segment into n equal 
ateomoecCallsesnepa0es snot appreciate, tune need. for n-1 cuts’. (Instead, 
he may divide the segment by placing n cuts between endpoints or, 
Starting at one end, place n-2 cuts plus the endpoints. In one case he 
divides the segment into n+l parts and in the other case into n-l parts. 
It is conceivable that such a student will count endpoints when placing 
fractions on the number line. Another possibility, suggested by Bailey 
(1974 p. 524) is that students who focus on either size of subsegments 
or number of subsegments, but not both, are faced with perhaps unre- 
solvable conflict when two equivalent fractions are located at the same 
point on the number line. 

Piaget (1960) has said, in reference to measurement of length: 


While conservation and hence qualitative transitivity 
are achieved at a mean age of 7-1/2, measurement in 
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its operational form (i.e., with immediate insight 

and not by trial and error) is only achieved at 

aADOUte 5) ODEG-L/2ml Dem 26 |! 
It is assumed that most students from grade four and up are capable of 
operational measurement of length. It is assumed also, therefore, that 
premeasure tasks have been mastered by students at the given grade 
evelse 

The first linear measure items are fashioned after Piaget and more 

recently Steffe (1971) and Bailey (1974). They are designed to assess 
the child's ability to compare lengths based on different sized units 
and different numbers of subsegments in a given segmented path. 
Clearly, difficulty of path comparisons is dependent upon how many 
attributes are varied in the task. For example, two paths may have the 
same size unit segments, equal numbers of segments, similar configura- 
tions, and similar extremity positions. Such comparisons would present 
little conflict to children and they would have little difficulty in 
making correct comparisons. When attributes are varied between paths, 
the solution is more difficult depending upon how many attributes have 
been varied. Items were therefore included which varied unit size and 
number in different path configurations. Students were asked to compare 


lengths of paths similar to those shown here. 


BELOW ARE TWO PATHS, A AND B. IS PATH A LONGER 
THAN B, SHORTER THAN B, OR ARE THEY THE SAME? 


A. 
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Linear measure, as a "fusion of subdivision and change of position" 
(Piaget 1960) may not be fully operational in a child who can otherwise 
make correct judgments based on intuition. 

A child who cannot correctly compare paths with varying attributes 
may be able to isolate a single unit through trial and error and there- 
fore have a rudimentary grasp of unit iteration. A second item type 
required students to use a given segment in constructing other segments 
two times and five times as long. The final items required students 
to subdivide given segments into five and six equal parts. Students 
who are operational in terms of unit iteration were expected to complete 
these tasks satisfactorily. Students not at the operational level 
might still be able to arrive at a correct solution through trial and 
errorestarting with a perceptual interpretation. Students at the more 
elementary levels might reasonably be expected to count the endpoints, 
Ouepartitions, instead Of the subsegment, thereby arriving at incorrect 
solutions. Correct answers were accepted whether they were based on 
trial and error or more elegant methods. These items required a lower 
level of cognitive ability than the comparisons of segmented paths. 

The area subtest samistigee of items paralleling those of the linear 
subtest plus others which result from the two-dimensional character of 
area. The first set of items is based on unit iteration. Here, as with 
linear measure, the size of the unit, the number of units required for 
coverage, and the configuration of the regions being compared were 


varied. A sample pair is shown as follows: 
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BELOW ARE TWO ROOMS, A AND B. THE ROOMS HAVE TILE ON THE FLOOR. 
WOULD YOU HAVE MORE SPACE TO PLAY IN ROOM A OR ROOM B, OR ARE 
THEY THE SAME? 


The provision of a unit grid establishes a focus for the method of solu- 
tion. Students are perceptually directed to consider both unit size and 
number of units. Where figures are not transposed on a grid, the com- 
parison is more difficult in that the student must pick a suitable unit 
of measure. This was tested with a set of items that called for compari- 
sons of pairs of irregular polygons not subdivided into units. A sample 


of this item is illustrated here. 
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BELOW ARE TWO YARDS, A AND B, WITH FENCES AROUND THEM. TELL 
WHETHER MORE CHILDREN COULD FIT INTO A OR B OR WHETHER EACH 
YARD WOULD HOLD THE SAME NUMBER. 


Subdivision of area figures was included since, just as with linear 
measure, before unit iteration can take place the quantity being measured 
must be subdivided. This group of items was designed to test subdivision 
of three different plane figures into five or six equal parts. Since 
this skill is theoretically acquired at the grade four level, it was 
believed that differential abilities might be distinguished with respect 


to different configurations as well as number of subdivisions. Students 
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were asked to subdivide a square, a circle and a rectangle into five 
and six equal parts. 

The final two sets of area measure items were ones that proved most 
diufficultsfor students atyallslevels.7 One set consists of pairs of 
Similar figures which have been subdivided and a portion shaded on each 
figure. Students were asked to compare the shaded portions as to size 
(area). A correct response can be given only when students are able to 
reason that since the pair of figures are congruent and each is sub- 
divided into n equal parts, then the noncongruent parts must have equal 


area. Examples of this item are shown below. 


LOOK AT THE PAIRS OF FIGURES BELOW. THINK OF EACH FIGURE AS 
A CAKE. IN EACH CASE, TELL WHICH SHADED PIECE WOULD BE BIGGER, 
A OR B, OR ARE THEY THE SAME? 


LA 
ES 


The set included pairs of similar but not congruent figures, pairs of 
congruent figures, and one pair where subdivisions were congruent but 
the figures consisted of a square and a rectangle. 

The last set of items represented a terminal behavior in area 
development not expected to be manifested until 11-12 years of age. 
Although not necessarily related to region models used to teach fractions, 
it was felt that as an indicator of complete area mastery the items 


would be desirable to include. One of the items is given as follows: 
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DRAW ANOTHER SQUARE WHICH IS TWICE AS BIG AS THE ONE SHOWN. ?! 


Grade four children were not expected to complete all items 
Satisfactorily. Nevertheless, since they are exposed to applications 
of the properties being tested in the unit on fractions, it seemed fair 


to-assess their level of performance. 


Phe TMG Pilot 

The TBMC was piloted on three grade five classes and two grade 
four classes in May and June of 1976. The pilot served two purposes. 
First, it provided information on adequacy of wording of instructions 
for each item and, secondly, it provided scores for item analyses on 
which to base item changes. 

The test was revised three times on the basis of grade five pilot 
Sid vesmandsoncesonathe, basis sOfL ayorades four pilot, study." slhe 
reading problem at that level convinced the researcher that written 
instructions should be minimized and a testing protocol was established 
with an oral explanation of each item. Words used to describe the items 
were often those used by Piaget and included suggestions from staff 


and graduate students in the Department of Elementary Education at the 


‘These items were deleted from the final analysis due to ambigu- 
ities in response which suggested students had not understood the 
question. 


University of Alberta. In its final form, twenty minutes were required 
to go over the instructions at the grade four level. Less time was 
required at the grade six and eight levels. 

Items were altered on the basis of item difficulty and discrimi- 
nation. The first administration of the test yielded several negative 
discrimination indices. A survey of the items with correct and incor- 
rect responses showed that in some cases the correct answer was 
possible from an examination of perceptual attributes. For example, 
the following item was included in the first pilot. Most low scoring 
students responded correctly to the item while many students in the 


high scoring half of the class did not. It is possible that the low 


scorers were functioning at a lower level and answered the question 
(comparison of length) on the basis of endpoint alone. The better 
students may have realized the endpoint location was not sufficient but 
were unable to deal with the intervening configuration. Items of this 
type were altered so that a perceptual clue was not available. 
Generally, a discrimination index of .40 is regarded as desirable 


but not essential for item inclusion (Mehrens and Lehmann 1973). It is 
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sometimes desirable, and is the case for the TBMC, that items of extreme 
difficulty and therefore low discrimination be included. For example, 
the doubling the square item was nearly impossible at the grade four 
Tevelwenlt waselefttin becausesit reflects san importanttattribute of 
measurement even though it is a poor discriminator at the grade six and 
eight levels. Items were considered acceptable when the difficulty and 
discrimination power were considered reasonable tn view of the grade 
level at which the test was given. That is, if the difficulty index 
and discrimination were extremely low for items which were considered 
very difficult for grade four, but which were considered important in 
assessing level of measurement ability, then the items were included. 
Peemestatistics for they I BM@saresreported tin Appendix B for .the three 


grade levels. 


Valtdity and Reltabiltty of the TBMC 

Valtdtty is "the extent to which a test does the job for which it 
is used'' (Mehrens and Lehmann 1973). The validity of a test is 
dependent upon the use to which it is put. Generally, a test is used 
POmmOnCBOLELWORDIITDOSES ; tO predicu or tol describes. The first, oF 
these purposes requires criterion validity measures and the second 
requires evidence of content and construct validity. The measurement 
test is intended for predictive and descriptive purposes so evidence 


of all three validities is discussed. 


Content validity. This type of validity tells how well the test 
items sample the domain to which inferences are being made. The 


measurement test was constructed on the basis of previous research tasks 


Saibe 
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which are well known in the literature and have the support of replica- 
tion. All items on the present test were fashioned after measure tasks 
included by Piaget in his studies on the development of measure in 
children. Most of the tasks have been presented in more recent con- 
texts by different researchers and in some cases the tasks have been 
revised (for example Beilen 1964, Bailey 1974, etc.). A sampling from 
the domain of measure for this test includes items representing linear 
and area measure behavior for children aged 8-1/2 and over. Table 2 
provides a description of linear and area measure behaviors being 
assessed by the TBMC. In view of the agreement on developmental stages 
and definition of measure concepts found in the literature, it is con- 


cluded that the TBMC represents a valid sampling of content. 


Critterton valtdity. Of the two types of criterion-related validity, 
covcurnrenteand predictive, we are concerned here with whether scores 
on the TBMC are related to performance on rational number tests as the 
criterion. Predictive validity is a major concern and is expressed as 
a validity coefficient, the correlation coefficient between TBMC and 
criterion. The coefficient is dependent upon both test and criterion 
and therefore the criterion must satisfy the same conditions as the 
test. According to Mehrens and Lehmann (1973), to be adequate, a 
criterion must satisfy three conditions: 


1) relevance — the criterion must be valid, 
Zjmeere traDilaeve 


3) freedom from bias. 
The first two are discussed in the next section, Validity and Reliabil- 


ity of the Rational Number Tests, and are shown to be both valid and 
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TABLE 2. DESCRIPTION OF THE TEST OF BASAL MEASUREMENT CONCEPT ITEMS 


Description of behaviors 
being assessed 


Linear measure 
Samplesuniteirteration .~=Givensa 
unit segment, construct a 
segment n times as long 


subdivision of a line segment 


operational measurement. Compare 


polygonal paths with varying units. 


Area measure 
subdivision of regions 


Operational measurement. Units 
are suggested by grid imposed 
on regions. 


operational measurement. Compare 
regions. Student must provide 
own strategy. No units shown. 


subdivision comparisons 
given noncongruent units 
of subdivided regions. 


double the region (area) ’ 


‘Deleted from final analysis. 


Items 


topes 


1oe2 je 3 4 oyD 


ee PAO. Sas as Si Se 


Lavoe LOG elo 


oe Te ae, 


Dep. Oe a ORY, 


pint. 058 


68 


reliable instruments. The bias referred to in number three involves 
knowledge of predictor scores that might affect scoring of the criterion 
ECStS- = anesresearchncrascored alletestseandsdidmot associate predictor 
scores with criterion scores until all scoring was completed. Sample 
size would tend to preclude such bias as well. 

The criterion measures satisfy the three conditions and the 
Validity coefficients are reported in Table 3. There are two criterion 
measures at each grade level, Fraction Achievement test scores and 
Fraction Retention test scores. The Pearson Product Moment correla- 
Gionecoefticientiwas the procedure used.) According to.Gronbach"(1970), 
it is unusual to achieve validity coefficients greater than .60. The 
validity coefficients ranging from .38 to .56 are considered adequate 


at the three grade levels. 


TABLE 3. VALIDITY COEFFICIENTS BETWEEN MEASUREMENT TEST AND TWO 


CRITERION MEASURES AT THREE GRADE LEVELS 


Grade level Criterion Validity coefficient 
4 achievement eA 
retention Agete: 
6 achievement 205 
retention Steves 
8 achievement 48 


retention 38 
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Construct validity. Construct validity provides evidence of the 
contribution to test scores of the psychological constructs that a 
test is measuring. Construct validation requires time — it is 
established through "a long continued interplay between observation, 
reasoning and imagination" (Cronbach 1970). Statements concerning 
construct validity of the test in its present form suggest how well 
the test fits the theoretical constructs it was designed to measure. 
Test items were developed according to the linear and area measure 
Seouceptsucuscusscdinatientirse part.o1 this,chapter. Construct 
validity is established if it is shown that the components which 
contribute to score variance are analogous to certain measure theoretic 
concepts. A principal components analysis of the test items into common 
BactOuSesutei ces, CO,provides thesnecessary, evidence. 

There were thirteen item eigenvalues greater than one at the grade 
four level, ten greater than one at the grade six level, and eleven 
Greater than One at the grade eight level. Six factors were extracted 
at each level accounting for 41.6%, 42.0% and 44.6% of the variance at 
the respective grade levels. The number of factors extracted was a 
function of interpretability. A ten-factor extraction is shown in 
Appendix C for each grade level, accounting for about 60% of the 
variance in each case. The greater number of extracted factors shows a 
breakdown into unique factors, a study of which is not necessary for 
our purpose here. Tables 4, 5 and 6 provide the six-factor solutions 
for the grades four, six and eight TBMC. 

The usual practice of choosing factor loadings 3.33 is appropri- 


ate here since theory validation is the primary concern. All loadings 
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of .33 and greater were included in Tables 4, 5 and 6. Of the six 
factors extracted at the grade four level, four account for more than 
75% of the common variance. Test items 14-18 have high loadings on 
the first factor. All are area unit iteration items. Item 8 also 
loads heavily on factor one and is an area comparison item but without 
units delimited. It is an item on which many students used a grid 
tomsolve:. 

Factor two has four substantial loadings. Items 6 and 7 are 
linear subdivision and items 12 and 13 are linear items which require 
PiemcOnseruct1On OtemulLtiples sor a civen segment. 

Factor three shows seven loadings greater than .33. Item 14 is 
an area unit iteration involving congruent units and 20, 22, 23, and 
24 are subdivision of a region involving subdivision of a circle into 
five and six equal parts and a square and rectangle into six parts. 
Items 26 and 30 involve equal regions having equal but noncongruent 
subdivisions. 

Factor four shows the five items 1-5 of segmented path comparison 
and 21, subdivision of a rectangle into five equal parts. 

Factors five and six show three and two loadings greater than 
.33, respectively, but have no obvious interpretations. 

Four common factors distinguish themselves at the grade four level: 


la iareaeunitearteration, 


2) subdivision of length and constructing multiples 
of a length, 


3) subdivision of a region, and 


4) linear unit iteration (operational linear measure). 
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TABLE 4. 


VARIMAX ROTATION FOR TBMC GRADE FOUR 


Variable 
item 1 


CONDUMBRWNF 


sate: 


<o) 


% Total 
variance 8.65 


% Common 


variance 204.73 


Sum of communalities 


nei) 
307 


Aye 
On, 


19.49 


555) 


says 
.44 
.49 
200 


ae) 


Aol 


Jee 42 


hactor 


44 


6.68 


10,05 


Total variance accounted for 41.60 
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PRINCIPAL AXIS FACTORING WITH DIAGONAL AS INPUT UNDER NORMAL 


Communality 
2 


12.48 
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TABLE 5. PRINCIPAL AXIS FACTORING WITH DIAGONAL AS INPUT UNDER NORMAL 


VARIMAX ROTATION FOR TBMC GRADE SIX 


Variable eden Communality 
item ik. ed eh ee Re ee ER cy Ve he 
1 «02 47 
2 nis 
3 60 SF 
4 39 36 
5 250 252 
6 .64 ape: 
7 wal “50 
8 aig) .44 
9 r41 725 
10 55 wee, 
1g! .48 44 
12 62 AG 
LS uhh 265 
14 oid ale 
5 .38 39 
16 east .46 
i? .39 54 48 
18 agi .61 
19 -50 ao4 
20 cA7 . 34 
at .49 .40 
22 44 sore 
23 245 .49 
24 .48 ou 
25 AD .24 
26 «29 
v4) ao Ae 
28 wa 
29 a. ao 
30 255 wae 
% Total 
variance 8.28 (I RGES) ean 7.18 eve! 5.60 
% Common 
variance LO 2 US Ae ie Oa te LO 21S). 66" elo 355 
Sum of communalities 12.60 


Total variance accounted for 41.99 
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TABLE 6. PRINCIPAL AXIS FACTORING WITH DIAGONAL AS INPUT UNDER NORMAL 


VARIMAX ROTATION FOR TBMC GRADE EIGHT 


Factor 


Variable Communality 

item Hl 2 3 4 5 6 he 
1 65 50 
2 58 35 
3 B55 108) 
4 <5 R55 .39 
5 ou 43 .48 
6 ae! ets: 
7 55 on 
8 A3 e353 
9 oc 0 
10 .68 32 
(gl .69 ol) 
ee .64 .48 
eS . 46 -41 
14 LS 56 
TS OM 34 
16 .64 45 
17 UE 56 
18 Ue 65 
19 Boe 34 
20 Rey! 48 
2 .64 .54 
22 50 25.0 AAS 
25 762 49 
24 oon! 45 
25 -41 
26 .49 .48 
i, 20 ee 
28 206 955 
29 .69 .56 
30 242 $35 wo7 FOU) 


ge Lota 
variance 10.09 9.07 Pathe 6.66 58 5.6 


% Common 
variance 221, oleae 0 855 Liles GZemel AO? ye) 12S ee ele: 7 


Sum of communalities 13.39 


Total variance accounted for 44.62 
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At the grade six level, factor one has four items with loadings 
of .33 or greater. Item 8 is region comparison and 14, 16, and 18 
involve region comparison with equal unit subdivision. 

Factor two includes items 6 and 7, subdivision of a segment, and 
19, 21, and 24, subdivision of a rectangle into five and six equal 
Parts and) a square into five parts. 

Haccommcnreesineludesairemsels 65.5 4 cand Stall scompanison, of 
segmented paths, and 11 and 17, both area comparison, one comparison 
of elongated regions and the other having noncongruent units. 

Factor four ancludess items 12Zicandy 135 finding multiples,of.a 
Ginveleseoment and) 205, 22Nanda25, jsubdivasion of 4, circle, anto five 
and six equal parts and a square into six parts. 

Factor five includes item 10, a comparison of regions and items 
27 and 28, comparisons of subdivision in regions with noncongruent 
subdivisions. 

Factor six includes item 9, comparison of regions without sub- 
divisions, items 15 and 17, area unit iteration involving noncongruent 
units, and item 25, comparison of congruent units from noncongruent 
mevlOns lNemeactoOwestructireston grade six) is more complex andjless 
interpretable than for grade four. It is summarized as follows: 


1) area unit iteration involving congruent units, 


2) linear subdivision including regions which can be 
divided unidimensionally, 


oy linear unit iteration (operational linear measure) , 


4) multiplication of a segment and subdivision of 
regions, and 


5) area unit iteration involving noncongruent regions 
and units. 
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At the grade eight level the six factors are quite well defined. 
Factor one has high loadings on items 14-18, area unit iteration, plus 
26 and 30, comparing pairs of congruent regions which have been sub- 
divided into an equal number of noncongruent units. 

Factor two includes items 19-24, all subdivision of regions plus 
item 8, comparison of noncongruent regions which have no subdivisions. 

Factor three consists of items 1-5, comparison of segmented paths, 
and item 7, subdivision of a segment into six parts. 

Factor four includes items 4 and 5, segmented paths with all 
attributes varying, item 6, subdivision of a segment into five equal 
Dantes » tems 12)and 13) constructing multiples of ‘a segment; item ‘22, 
division of a square into six equal parts and item 30, comparison of 
noncongruent units from congruent regions. 

Factor five involves items 27 and 29, comparison of noncongruent 
area units and factor six includes comparison of noncongruent regions 
and noncongruent subdivisions. Three very strong factors are apparent 
ateulicmlevelewiti aetourtnaless interpretable factor as well. They 
are: 


lh) area unit) iteration, 
Z)emsubdivas vonkofinregi ons, 
3) linear unit iteration (operational linear measure) , 


4) [appears to be] synthesis operation involving unit 
size and number. 


A survey of the factors from grades four to eight reveals some 
interesting trends. Items 19-24, subdivision of regions, have high 
loadings on four different factors at the grade four level, on two at 


grade six, and are nearly exclusive to one factor by grade eight. 
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The items involving subdivision of a segment and unit iteration given a 
unit segment are isolated on one factor in grade four but become syn- 
thesized with region subdivision in grade six. By grade eight, there 
seems to be a general assimilation of the more rigorous linear unit 
iteration items with area unit comparisons. At all levels the compari- 
son of noncongruent regions having no unit subdivisions and comparison 
of noncongruent subdivisions of congruent figures proved very difficult. 
Tnese items contributed very inconsistently to score variance except 

in the grade eight case where factor six has high loadings for items 

10, 11, and 28. In view of the very rigorous reasoning necessary to 
complete the three items successfully, it is possible that not until 
grade eight are most students able to cope with these items. The factor 
structure which remains essentially the same across grade levels is: 


1) an operational length measure factor, 
2 jepeaniearearinioe1 teration, factor, and 


3) an area subdivision factor. 
These factors, and the more or less reasonable distribution of test 
items on other factors at each grade level, suggest the necessary con- 


Struct validity for the measurement test. 


Reltabtltty refers to consistency throughout a series of measure- 
ments (Cronbach 1970). Measures of internal consistency were obtained 
through use of the Kuder-Richardson formula 20 which represents the 
average correlation obtained from all possible split-half reliability 
estimates, given items of unequal difficulty. Reliability coefficients 
for the measurement test at the three grade levels are presented in 


Table 7. If .65 is considered acceptable for group decisions (Mehrens 
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and Lehmann, 1973, p. 122), then the grades six and eight coefficients 
Nee caticanecessaLyecond tion ine, orade 4 estimate of .01,i1s low. “The 
pilot study included a test-retest situation at the grade four level, 
however, which provided a coefficient of stability for the measurement 
test. |The coefficient obtained at that time was .74, an acceptable 
level of reliability, since stability is the important form of reli- 


ability here. 


TABLE 7. MEASUREMENT TEST RELIABILITY COEFFICIENTS AT THREE GRADE 


LEVELS USING THE K-R 20 FORMULA 


Grade level Reliability coefficient 
4 AG 
6 ey 
8 AG 


Of the three factors, length of test, group homogeneity and item 
dur ticubty, which could have attected: the reliabilities sreportedshcre, 
two-are of Particular importance. in ythessensenthatetneactest measures 
a developmental construct, scores are dependent upon age, and computa- 
tion of a reliability coefficient at a particular age level necessarily 
reduces the estimate. Certain items were very difficult at all levels. 
Indeed, at the grade four level many items showed very low difficulty 


indices (see Appendix B for item analysis of measurement test). Lower 
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reliabilities are to be expected when a great deal of guessing has taken 
place. The reliability estimates reported here are considered accept- 


ableslorecneapresene. study, 


The Fraction Achievement and 
Fraction Retention Tests 
Content 

The Fraction Achievement and Fraction Retention tests were designed 
Pomassessmachievement Of unit objectives as put forth in the school 
system mathematics program. Items for both tests were chosen from a 
pool selected from curriculum materials with approval of cooperating 
teachers. Although teachers did not know specifically which items were 
included, they were aware of the item type. Tables 8, 9 and 10 provide 
omlisteoretnesobj ectives tesced and related items’on the Fraction 
Achievement tests for each grade level. The Fraction Retention test 
dismae parallel) form of the) Praction Achievement test, so objectives and 


items are similar to those listed in the tables. 


Valtdtty and Reltabtlity of the Fraction Tests 

Selection of items from the recommended program and subsequent 
agreement by teachers of suitability to objectives provides the needed 
evidence of content valtdtty. 

Reltabtltty of the rational number tests is provided through two 
analyses. The KR-20 formula provides a measure of internal consistency, 
results of which are reported in Table 11. The coefficients range from 
~OORtOregradceci citeretentione com. 9001 Oreprade: Sixsretention. All 
estimates are well above the accepted level of .85 for making predic- 


tions concerning individuals (Mehrens and Lehmann, 1973, p. 123). 
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TABLE 8. FRACTION OBJECTIVES BEING TESTED AND RELATED ITEMS ON THE 


FRACTION ACHIEVEMENT TEST AT THE GRADE FOUR LEVEL 


Description of objectives 


associating a fraction with the 
shaded/unshaded part of a region. 
Congruent subdivisions 


as above with noncongruent 
subdivisions 


locating points on the number line 


giving fraction name for points 
indicated on number line 


naming equivalent fractions 
given physical representations 


finding missing denominator in 
sets of equivalent fractions 


generating sets of equivalent 
fractions 


Items 
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TABLE 9. FRACTION OBJECTIVES BEING TESTED AND RELATED ITEMS ON THE 


FRACTION ACHIEVEMENT TEST AT THE GRADE SIX LEVEL 


Description of objectives 


giving a fraction for the 
Shaded/unshaded part of a region 


same as above but with 
noncongruent parts 


locating fraction on number line 


giving fraction name for point 
indicated on number line 


giving equivalent fraction in 
physical representation 


generating sets of equivalent 
fractions 


reducing to lowest terms 
changing improper fraction to 
mixed number and mixed number 
Lominproper fraction 
comparing fractions 

addition 

subtraction 


multiplication 


division 


Items 
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TABLE 10. FRACTION OBJECTIVES BEING TESTED AND RELATED ITEMS ON THE 


FRACTION ACHIEVEMENT TEST AT THE GRADE EIGHT LEVEL 


Description of objectives 


@iving a) fraction for the 
shaded/unshaded part of a region 


same as above but with non- 
congruent subdivisions 


locating fraction on number line 


giving fraction naming indicated 
point on number line 


reducing to lowest terms 
changing improper fractions to 
mixed numbers and mixed 

number to improper fraction 
generating equivalent fractions 
comparing fractions 

addition 

subtraction 


multiplication 


division 


Items 
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TABLE 11. RELIABILITY ESTIMATES BASED ON THE K-R 20 FORMULA FOR 


RATIONAL NUMBER TESTS AT THREE GRADE LEVELS 


Grade level Achievement Retention 
coefficient coefficient 

4 92 92 

6 95 96 

8 94 90 


TABLE 12. PPM COEFFICIENTS OF EQUIVALENCE FOR THE ACHIEVEMENT AND 


RETENTION TESTS AT THREE GRADE LEVELS 


Grade level Coefficient 
4 Ars) 
6 Ol 
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A further provision of reliability is essential for tests used to 
make inferences about knowledge in a content area. A coeffictent of 
equtvalence, computed as a Pearson Product Moment correlation coeffi- 
cient between the two criterion measures at each grade level, is 
reported in Table 12. Coefficients of equivalence usually give low 
estimates of reliability in relation to other estimates such as 
internal consistency. The reliability estimates at the three grade 


levels are considered adequate for the purposes of this study. 


The Observation Schedule 


Constructton 

The present study seeks to establish the relationship between 
measurement concepts and rational number concepts as they are under- 
stood by students from different schools. The most obvious school 
HeetEpucesiseresiuential, Jocation. | Main effects of school on the 
criterion could be confounded by nuisance variables such as instruc- 
eLOldlavariables which ditter from school to school. Of particular 
interest to the present study is the instructional use of linear and 
area models in teaching rational number concepts. To provide insight 
into instructional variation with respect to model use, an observation 
schedule was developed. A copy of the observation schedule can be 
found in Appendix E. The purpose of this observation was simply to 
ascertain the presence of measurement models used in rational number 
instruction. The data collected are to be considered descriptive and 
noninferential, thus the analysis of development given below is at 


an adequate level. 
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The necessary schedule provides information on: 
1) type of model and media used to present concepts, 
2) discourse associated with the model, 
3) portion of class time devoted to model use. 
To suit the above needs, a category system was developed using multiple 


coding techniques on six dimensions. The dimensions are: 


1) model — linear or area 

2) media — e.g. blackboard, overhead projector, etc. 
3) initiator — teacher or student 

4) discourse — expository or inquiry 

5) response representation — enactive, iconic, symbolic 
6) response levels -- recall 1, 2, 3 synthesis 


A unit is defined as any run of events involving the introduction and 
iNsceOLeasparticular model during verbalidiscourse. The observer writes 
Liemiimerav thespeginning. ot the run, places a check in the appropriate 
category of each dimension and continues checking categories until the 
PinmersrOVer smeArTruUll 1s OVergwhnen. 

1) a different model is introduced, 

2) discussion leaves the model as a referent. 
The observer notes the time at the end of each run. Figure 4 provides 
a sample of observer responses to the various dimensions. Notes are 
taken on a separate sheet to describe activities which are not 


model-related during the regular class time. 
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Reltabtlity and Valtdity of the 


Observation Schedule 

Reltabtltty of the schedule depends upon inter-observer agreement 
and objectivity of coding. The researcher and an assistant collected 
all observation schedule data. A training period plus three school 
visits by both observers was sufficient for a high degree of observer 
agreement. In terms of the number of runs, there was exact agreement 
on types of models used and duration of the runs. Since the model 
categories are noninferential, the congruence of data is not surprising 
and expresses excellent reliability. The frequency of responses for 
expository and inquiry categories for a given run varied between 
observers although the configuration was similar. For example, one 
observer might show 12 inquiry tallies then two expository in a run 
whereas the other observer might show 10 inquiry and two expository. 
This type of discrepancy did not affect the data reduction method which 
involved interpretation of discourse into two components. discussion 
(question/answer) and lecture, or demonstration. The differences in 
number of tallies by observers therefore had no discernible effect on 
PiemresiUlts. 

Valtdtty is a measure of the degree to which the schedule provides 
information being sought. The content is appropriate, possibilities 
are exhaustive and categories are noninferential with respect to quanti- 
fication of model use. Predictive validity, although desirable, cannot 
DesProvideds tor sl ackeOleaesurcaplemcri ler onemeasure, 

Considering the fairly gross method of data reduction necessary for 


this portion of the study, reliability and content validity are acceptable. 
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Summary 


This chapter has provided a description of the development of data 
collection instruments, with special emphasis on item selection for the 
TBMC. Validity and reliability measures were reported for the three 
paper and pencil tests and found to be adequate for the purposes of 
this study. The observation schedule was also found to have acceptable 


levels of validity and reliability. 
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Chapter V 


RESULTS OF THE DATA ANALYSIS 


Introduction 


Results of the data analysis are reported below in four main 
sections. The chapter has been divided into parts which coincide with 
the four questions forming the basis for the study. The questions 
were stated in Chapters I and II and their relationship to the purposes 
of the study discussed. Each question is restated below. The related 


hypotheses and results of statistical analyses are presented. 


Results of the Data Analysis: Question I 


Question I: What ts the nature of the relattonshtp 

between measurement concepts and rattonal 
number concepts at the three grade levels? 

A principal components analysis was carried out on the TBMC, 
Fraction Achievement Test and Fraction Retention Test at each grade 
level. The purpose of this analysis was to provide a statistical basis 
for development of subtests of the three tests. 

The TBMC was given to all students at the three levels. A 
principal factor analysis using ones in the correlation matrix diagonal 
was carried out at each grade level and six and ten factor solutions 
interpreted to provide subtest items. All factor solutions are the 
result of a single rotation using the normal varimax procedure. 

The choice of subtests from the TBMC could have been made exclu- 


Sively on the basis of objectives tested. One possibility would have 


been to include two subtests: one composed of all linear measure items 
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and the other composed of all area measure items. Another possibility 
would be to break the linear and area subtests into smaller subtests 
based on more explicit objectives. For example, the area measure 
subtest could be broken into four groups of items: region comparison 
with unit subdivisions; region comparison without unit subdivisions; 
subdivision of a region; and comparison of subdivisions of two regions. 
The linear subtest items could have been assigned to smaller subtests 
in a Similar manner. Although such an approach is feasible, it is 
Gvearethatemanyssuch possibilities exist.+*iteis therefore prudent’ to 
add objectivity to the process through a data analytic approach. The 
factobeanalysiseiseal excellent+tool fortachievinet the desired! goal. 

Factor solutions obtained under the analysis are composed of 
orthogonal components. Subtests based on those components are treated 
as independent variables in the canonical correlation analysis, a 
highly desirable condition which facilitates interpretation of results. 

A principal components analysis was also carried out on the 
Fraction Achievement and Fraction Retention Tests at each grade level. 
Once again, factors provided a means of objectivity in item selection 
while insuring independence of the resulting subtests. 

Assignment of items to subtests based on the factor analysis is 
given below for each grade level. With the conclusion of subtest 
development at each grade level the null hypothesis of independence is 


stated and the canonical correlation results presented. 
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Grade Four 

a. Subtests of the TBMC 

The strategy for assigning items to subtests consists of first 
extracting a small number (usually six) of factors and submitting them 
tosdaVvaLimax=rotation..--Onethesbasis-of..the rotated solution,-—items 
having factor loadings of .33 or more on a single factor are considered 
EOrminclusioneineastbtest.as ine items are considered suitable if they 
test a single objective and do not have high factor loadings (greater 
than .33) on factors defining other objectives. Where an item loads 
BoomObRmoreater son another subtest defining factor, it is considered for 
inclusion Only it thestactor pattern is otherwise consistent with other 
iuetsminethemsuvtest. mnt tnesgrade tour level this 1s accomplished 
through examination of both the six and five factor solutions. The 
solutions are presented in Tables 13 and 14.! Items selected are based 
Senerally on the six factor solution (see Table 14) as follows. 

Factor one, including items 14 through 18 (see Appendix A for the 
TBMC items) with factor loadings ranging from .45 to .62, defines an 
area measure subtest. Factor two defines a ltnear subdtviston and 
simple untt tteratton subtest which includes items 6, 7, 12 and 13 with 
factor loadings ranging from .55 to .67. Factor four defines a linear 
measure subtest consisting of items 1 through 5. Factor loadings range 


fr OMeeoo) tO 05.) Ditticulty-amises: overstactom chreesaseanbasise+or 


‘High negative loadings are not included in the tables. Where a 
small number of factors were extracted, for example five and six factor 
solutions, high negative loadings were occasionally encountered. In 
eVveryecase, sansextraction of aalargesnumbersof factors, say fifteen, 
resulted in the item with high negative loading transferring to a high 
positive loading on a single unique factor. This situation did not 
Berectmtneacompositi0nsor Subtestssataany of stheesrade™ levels. 
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TABLET 3+ 


Items 


. 60 


WOON KAUMHRWN FE 


14 54% OO 


(ys: agaherbe 
16 Doe 
1 a 
18 One 


28 528) 


30 34 .00 


Moca 
variance 9,39 feeie) 


% Common 


variance 25.67 20-07 


Sum of communalities 


Wes 
Hieleye 


GRADE FOUR 
Factors 
3 4 5 
eye 
49* 
soo 4 
fa Sykes 
see 
el fad 235% 
AN fei 
Oe 
740% 
BS Oo POU 
AE i 
SOO" 
Os 
6.94 6205 6.04 
18.96 LS.s Logs 1 


Total variance accounted for 36.58 


*Items included on subtests. 


PRINCIPAL FACTOR ANALYSIS OF TBMC (FIVE FACTOR SOLUTION) 
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TABLE 14, PRINCIPAL FACTOR ANALYSIS OF TBMC (SIX FACTOR SOLUTION) 


GRADE FOUR 
ae BACEOLS Communal ity 
i 2 3 4 5 6 h 
1 aliays a7 OS 
2 a4 
5 65* 46 
4 48* a2 
5 55 . 38 
6 a6 7 a54 
7 Or aS 
8 “ate S42 
9 27 
10 09 
iil Aye) 
HZ Apeyee? S55" . 68 
ils eoae work 
14 45% RO. 48 
ifs Sater 39 
16 a02% n47 
le? nO aS) 
18 NO 48 
19 SOME 
20 oz 54S 
21 44 nod 
22 445% noe nO 65 
ZS 240% oot 
24 -29 
25 sae! 
26 soo 40 
QL 24 iy 
28 Ses 
29 55 
30 Bu PAU 
% Total 
Valrancew 16.05 tats ull Teedeu 7506 oe! egy.) 
% Common 
variance 20.78 19.49 18.29 16.05 2eo5 Teo 
Sum of communalities 12.48 


Total variance accounted for 41.60 


*Items included on subtests. 
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a final subtest. All area subdivision items load positively on factor 
three with items 20, 22 and 23 having loadings ranging from .44 to .52. 
imspectevonsotethet last itwogtactors’, efiverandesixjeindicatéescthat item 
22 also has a loading in common with two different linear items. This 
Sucvescuseam tear componentmtourcemez2, Suinspection of the five factor 
solution (see Table 13) shows similar factor structure. Again item 22 
shows a linear component on factor five. The decision is to include 
items 20, 22, 23 and 24 in an area subdtvtston subtest with recogni- 
Eronechatelteiswnourstricelysindependentvopethe*others. 

Extraction of a larger number of factors can change the clustering 
of item loadings on factors, thereby affecting subtest composition. It 
is desirable to show that the subtests remain interpretable with 
exclacviOlmeotpamercatchenumbersoferactors. | lhesten factor solution is 
presented in Appendix C for this purpose. Factor one shows high load- 
ings for area measure items 14, 16, 17, 18 with a loading of .28 for 
item 15 which was chosen as part of the area measure subtest. Tracing 
the pattern for item 15 shows two high loadings, one on factor two, a 
bincaretactor, and one on factor eipht, an area factor. The ared 
measure subtest is retained since item 15 has higher loadings on area 
components than on linear components. 

Factor two shows high loadings for all items of the Ztnear sub- 
divtston and stmple untt tteratton subtest. The area measure item 15 
mentioned previously, and item 22 from the area subdtvtston subtest, 
have loadings of .48 and .35, respectively, on factor two. Item 7 
Shows a loading of .42 on factor three with items 21 and 24, both 


area subdivision items which can be subdivided along one dimension. 
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The subtest composed of items 6, 7, 12 and 13 is related to both of the 
area subtests. Factors four and six show loadings greater than .33 

for items associated with the area subdtviston subtest. Factors five 
and seven show high loadings for items of the Ztnear measure subtest. 
It is accepted as independent of other subtests. 

Four subtests have been selected on the basis of factor interpre- 
tation. The subtests are not strictly independent measures but were 
chosen for the closest approximation available while maintaining enough 
items to justify subtest size. A summary of subtests and items is 
given below. 


Subtest 1. Linear Measure — items 1, 2, 3, 4, 5. 


DuvbeSi ac. elinear subdivision: —go, 7, 12, -13 
SimplegUnit Iteration. 


Subtest 3. Area Measure — 14, 15, 16, 17, 18. 
Subtest 4. Area Subdivision — 20, 22, 23, 24. 


b. Subtests of the Fractton Achtevement Test 

Unlike the TBMC, achievement and retention subtests are easily 
eseablishedsonstiespasis Of Objectives being) testedsy* Once again, it is 
desirable to have independence among subtests and the principal factor 
analysis provides a basis for item selection given that condition. 
Development of subtests begins with inspection of the*six factor 
SOruti on Grab Lesko). 

Items 2, 4, 1), 15, ligand 19 have factor loadings greaterathan 
soou0n factor one. All items involvyesnamingea fractional, partgof 4 
region with noncongruent subdivisions. Items 10, 12, 14, 16, 18 and 
20 "also have loadings greater than .33 on factor one. The items?require 


naming an equivalent fraction given the shaded portion. Items 36, 38, 
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TABLES 5 


PRINCIPAL FACTOR ANALYSIS OF FRACTION ACHIEVEMENT 


TEST (SIX FACTOR SOLUTION) GRADE FOUR 
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-40* 
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.36* 
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(Cont'd) 
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TABLES15+) (Cont'd) 


Factors 
Items D 


38 44* nol 
59 was 

40 woo, 

4l pon 

42 HI ae 


amlOotal 
variance 17.79 LOSSS 9.18 7.94 6.47 GalzZ 


% Common 
Marrance: 50.51 18.56 LSe73 13,61 Ua eee 10.49 


Sum of communalities 
Total variance accounted for 56.52 


*Items included on subtests. 
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40 and 41 also have high loadings on factor one. All items involve 
placing fractions on the number line. 

Factor three has moderate loadings for items 10, 14, 16, 19 and 
ZOPrangingarromess7atom.o0em All-requirengiving vanvequivalent “fraction 
for a shaded part of a region. The items also have high loadings on 
factor one (.40 to .62). Items 39, 42 and 43 have high loadings 
2 etOnn 7) On factor three slocatingatractions.on the number line. 
The two factors, one and three, appear to represent an initial frac- 
tion concept involving both linear and area attributes but the region 
items represent a higher level of difficulty. In deciding upon sub- 
tests from the two factors, the decision is made to choose region 
items which show the least relationship to number line items for one 
SUULeSLe eel temseuc., 4, Ll, l5,)1/ and 19 are combined to form an 
tntttal fractton subtest involving nonecongruent subdivisions. Items 
$055/, 38, 39, 40, 41, 42 and 43 are combined to form a mwnber Utne 
subtest. In view of the high loadings on factor one for number line 
items 36, 38, 40 and 41, the two subtests are related. 

Factors two and six have high loadings for items 21 to 31 and 
Mecuism. 4925.50 wo ej2eand, Soe ner temsetese equivalence singa 
symbolic context and are combined to form an equtvalence subtest. Two 
of the items have moderate loadings on factor five but the relation- 
ship between the equtvalence subtest and other subtests is considered 
weak. 

Initiale iractions Lens sims mOnm 7 momoldeLoeilavyemnligne|oadings on 
factors four and five. Two number line items and two equtvalence items 


Ravemloadineswecreater thane. 55.0letactorsefounmsand tive respectively. 


Lido | =34@4 
Jaga? ae 


The initial fraction items combine to form an tntttal fraction subtest 
involving congruent subdivision. The subtest is related to number line 
and equivalence. 

The subtests defined on the Fraction Achievement Test (see Appen- 
dix A foreftraction test items) Six factor Solution are: 


CuvLest sam initialerractione— items 1, 3,6, °7, 9, 13. 
(congruent units) 


Pupcesre men iNnivialerractions»— 2,°4, 11, 15, 17, 19% 
(noncongruent units) 


Brprea ceo mmerquivabencem——7lew2? 0255024 925) 26.0 278 
DOWEC SNS ON 5 1 asi 35% 


puovectes. | Numbeyaline — 36. 37, 38, 39, 40, 41, 429943. 

None of the subtests is completely independent, although subtest 3 
shows only a weak relationship to subtest 1. The strongest relation- 
ship exists between subtests 2 and 4. 

Inspection of the ten factor solution (see Appendix C) shows an 
expansion of the existing factors with items from one factor moving to 


two or more. No further relational difficulties are noted. 


ce. Subtests of the Fractton Retentton Test 

Agprincipals.ractor analysis »was) carried out)on the retention test 
fcccmDpcndixeANrOorerractiOnetest tems)... lables l6ushowsmticstive 
factor solution. 

Factor one has items 2,955 4.5115 tyeand 19 with loadings: creater 
than .33. All require giving the fractional names for a shaded portion 
of a region which has noncongruent subdivisions. The items form the 
tntttal fraction subtest with noncongruent units. 


BACCOMMUNGKeealdasmll Olle Oddi noSeerOmel CONisu a.m 2a O20. 2 7h lO, 


29 w5U0randeosilyeal becquivalence items, [tems 24 and 925, also equivalence 
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TABLE 16. 


PRINCIPAL FACTOR ANALYSIS OF FRACTION RETENTION TEST 


(FIVE FACTOR SOLUTION) GRADE FOUR 
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TABLE lLom(Gonttd) 


ner bone eS oC y= Ae tS Communality 

eles 1 2 3 4 5 h? 
oy Ms agile 35 
38 704" pew 
39 56* 25 
40 ale ao 
41 39* 28 
42 seh Sal 
43 a 

pmrotal 

wareance al5 251 deed 5 10.80 8.60 Gaz 

% Common 

variance 29,22 21.5% Tee Oh) 16.19 206 

Sum of communalities Z2eo2 


Total variance accounted for 53.08 


*Items included on subtests. 
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PCCMSEmDOtienave taclOr slOdaingsmot esol, very *close=to the criterion 
Of°.55. items 2] to 31 inclusive form the egqutvalence subtest. 

Faetor=tour nas hiehsloadines for items 56, 377,°39, 40, “41 and 
a2eealienumber line items. The other four items loading at .33 or 
eréeater are initial fraction items, none of which aré included in 
subtests. Items 36 to 43 are combined to form the nwnber line 
subtest: 

Factor five has three egutvalence items with high loadings and two 
number line items with high loadings. This factor indicates a rela- 
tionship exists between the equtvalence and number line subtests. 

The four subtests which emerge from the five factor solution are 
listed below. 


BUbLCcrel me einiviaiarraction —sitems 1, 6, 7, 135, 15, 
(congruent units) 


Les eae nt a ee GAGtLONS. (—m Jona ted wells lye 9. 
(noncongruent units) 


Subtest 3. Equivalence — 21, 22, 23, 24, 25, 26, 27, 
He PR, A eae 


Dub besT a4 aeeNUMNDEY wine .=— 50,057... 50, 595.404] 42) 43; 

imspectlonmotmtiesleneractor so lution) (sees Appendix C) indicates 
aecplICULIngwOLr thestive: factors .cto-a Supporting configuration. Factors 
one and two have the same items with even higher loadings, ranging from 
wile toOe.oo.on factor, one (Subtest. 2 wand =46) toe. 7/910n tactoracwo 
(subtest 1). Factors three and four together havesitems=Zl to. 31 with 
high loadings on either factor or both factors. The items form the 
equivalence subtest, which appears to be independent of other subtests 
under this solution. 

Factor five has items from the nwnber line subtest and an 


inttial fractton item with loadings of .33 or greater. This supports 


the relationship between the subtests which was established on the five 
factornsolution: 

Factors eight, nine and ten have all number line items with high 
loadings. 

ihesGactorestructuresisaconsistcent fromethe fiveytoaten,factor 
solutions. 

The factor structure is similar for the Fraction Achievement and 
Fraction Retention tests. The selected subtests include comparable 


items from the two tests so that comparisons between subtests are valid. 


d. Canontcal Correlation Analyses for Grade Four 

The relationship between the four TBMC subtests and the four 
fraction subtests is established through two canonical correlation 
analyses. The canonical correlation analysis establishes the inter- 
relationships between the two sets of measurements, TBMC subtest scores 
and fraction subtest scores, made on the same students at each grade 
level. By determining the linear function, on the TBMC subtests, that 
has maximum covariance with a linear function on the fraction subtests, 
the first canonical correlation is established. The two linear func- 
tions are maximally correlated. Other linear functions with maximum 
correlation are also determined with the restriction that the new 
functions have zero correlation with the previous functions. The 
derived linear functions, or canonical variates, are treated as regres- 
Sion weights for the original variables. In the case of the grade 
four analyses, four subtests are included on either side of the equa- 
tion. The number of different sources of variance possible between the 


two sets of subtests is four. The significance of the four correlations 
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between the pairs of linear functions is tested by the Bartlett Lambda 
procedure (Cooley and Lohnes 1968). Only those weighting systems 
associated with significant canonical correlations are reported as 
normalized weights. The first analysis involves the TBMC subtests as 
predictors and the Fraction Achievement subtests as criterion variables. 
In the second analysis the TBMC subtests again are predictors but 
Criterion variables are scores from the Fraction Retention subtests. 
Theahypothesis being tested isi 

Hypothesis I. TBMC subtest scores are independent of 


fractton subtest scores at the grade 
four level 


a) for the Fractton Achtevement subtests 
as ertterton variables, 


b) for the Fraetton Retentton subtests 
as certterton vartables. 


(1) Fraction Achievement Subtests as criterion variables. The 
matrix of correlations among the predictor and criterion subtests is 
presented in Appendix D. Results of the canonical correlation derived 
TroOmecneecOrrelav~onematrix are reported in Table 1/7. Information 
given includes a list of the correlations associated with each weighting 
System, the Chi-square value for testing each correlation, and a list 
of the weights associated with each significant correlation. 

Using the achievement subtests as criterion, one significant 
canonical correlation emerges. The two sets of subtests are related 
and the hypothesis of independence is rejected. The weights associated 
with the significant correlation indicate which subtests contribute 
most to the relationship. It can be seen from Table 17 that achieve- 
ment subtests 1, 2 and 3 and TBMC subtests 2 and 3 contribute most 


heavily. The strongest relationship exists between achievement subtest 2 
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TABLE 17. CANONICAL CORRELATION ANALYSIS OF THE TBMC SUBTESTS AND 


FRACTION ACHIEVEMENT SUBTESTS FOR GRADE FOUR 


Canonical 
Correlation 


48 
SAWS) 
LO 
.08 


Chi 


Square 


34.56 
6.65 
Seal OR 


df Iv 
16 005 
2) OWES 
4 mele 
1 FeicHl 


Weighting System Associated with Significant 


TBMC 
subtest 


1. Linear measure 


pee nincar SUDd1V1SiON 


simple unit iteration 


Area measure 


Area subdivision 


Wetght 


5 AIRS) 


oD 


. 60 


el 


Canonical Correlation 


Achtevement 
subtest Wetght 
Imei alerractuons aay 


(congruent units) 


Initial fractions 
(noncongruent units) .72 


Equivalence 48 


Number line -.02 
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with a weight of .72 and TBMC subtest 2 with a weight of .75. The 
number, line subtest has no efrect on the relationship and the practical 
effects of Linear measure and Area subdivision are considered negligible. 
(ii) Fraction Retention Subtests as criterion variables. Results 
of the canonical correlation analysis are reported in Table 18. The 
first correlation is significant. A relationship is established and 
the hypothesis of independence is rejected. The weights associated 
with the significant canonical correlation are listed in Table 18. The 
tintttal fraetton subtest 2 has a weight of .82, indicating it makes the 
greatest contribution to the relationship. Intttal fractton subtest 1 
also contributes to the relationship in a practical sense. Of the TBMC 
subtests, 2 and 3 are again the most important. Subtest 1 contributes 
very little with a weight of .26. All subtests make a measurable 
contribution with strongest relationship between the ltnear subdtvtston 


and area measure subtests with the two tnittal fractton subtests. 


Grade Stx 

a. Subtests of the TBMC 

ihe process stollowed for extraction oOfmeubtestmitemss1S samtlareco 
that outlined for the grade four test. Subtest composition is deter- 
mined on the basis of the six factor solution shown in Table 19. 

Factors one and six have high loadings for eight area items. Of 
the eight, items 14, 16 and 18 load on factor one and items 15 and 17 
on factor six. Taken together, items 14 through 17 form the area 
measure subtest. 

Factor two has high loadings for both linear and area subdivision 


and factor four includes simple linear unit iteration items plus 
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TABLE 18. CANONICAL CORRELATION ANALYSIS OF TBMC SUBTESTS AND FRACTION 


RETENTION SUBTESTS FOR GRADE FOUR 


Canonical Chi 

Correlation Square df P 
Jays) 5a. 20 16 .000 
Pl 8.24 9 POL 
51a 5.33 4 .504 
.08 . 60 1 .440 


Weighting System Associated with the Significant 


Canonical Correlation 


TBMC Fractton retentton 
subtests Wetght subtests Wetght 
1. Linear measure 720 Peet tate ractTons 
(congruent units) 46 
2. Linear subdivision Ze initials traccirons 
Simple unit iteration .69 (noncongruent units) oe 
ee AcLeaemeasure Sault oO ee cogULValence Sak 


4. Area subdivision 5S 4. Number line AT 
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TABLE 19, PRINCIPAL FACTOR ANALYSIS OF TBMC (SIX FACTOR SOLUTION) FOR 


GRADE SIX 
Tene actors Communality 
1 2 3 4 5 6 h 

3 62* 47 
2 A AIRS: 
3 60% 37 
4 59° 36 
5 SO. ny 
6 O44 sa 
i Vials ate 
8 neil! 44 
9 af ih woo 
10 5 Ore: ee 
i! 48 ~44 
12 Oma: 44 
13 Pea OS 
14 Sait BOe 
£5 53% . 39 
16 meyers 46 
Te P59% ao4* 48 
18 ie BOL 
19 w5O% od 
20 A hie oA 
21 .49* 40 
22 sails oil 
25 nao. 49 
24 7485 “ook 
25 Ao 4 
26 29 
27 Sree 62 
28 ei) 
29 ~ a4 59 
30 75D 42 

 AWeyecidk 

variance 8.28 Ved is 7.47 Ths 1s) S74 SOU 

% Common 

variance 19.72 18.41 ee 8s) LikO 3206 a5 

Sum of communalities 2 60 


Total variance accounted for 41.99 


*Items included on subtests. 
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subdivision of regions. The factors reflect skills common to both the 
dineargand®area items. Items 6, 74 12, 13 and 19 through 24 are com- 
bined to form the Ztnear and area subdtviston subtest. 

Factor three has four linear items, 1, 3, 4 and 5S with moderate 
to high loadings and one area item, 17, selected for the area measure 
subtest. Item 2, one of the preconceived linear measure items, has a 
loading of .26. Items 1 through 5 are combined to form the linear 
measure subtest. The three subtests formed from the TBMC are: 


Subtest 1. Linear Measure — items 1, 2, 3, 4, 5S. 
Subtest 2, Area Measure — 14, 15, 16, 17, 18. 


Subtest 3. Linear and Area Subdivision — 6, 7, 12, 13, 19, 20, 
2 eo? ld 


The appearance of a moderate loading for item 17 on factor three 
indicates a small relationship between subtests 1 and 2. 

Inspectionsor the ten tactor, solution (see,Appendix C) > indicates 
that relationships exist among all three subtests. Factor one remains 
mebacivelyaunchangedarromy tiem: 1Ve)lactor SOLUtIOn,. sltemsil Sandel 
have high loadings on factors two, four and nine, which also include 
subdivision and a linear item with high loadings. 

Factor three includes the four linear measure items included in 
the ix factor solution but alsoshas a hicheloadingstoreiatem 6. linear 
subdivision, 

Factors two, four and six seem to be an expansion of factors two 
and four from the five factor solution but now include an area measure 
and a linear measure item. The Ztnear and area subdtvtston subtest 
is not independent of the other two subtests. The three subtests are 


retained as defined on the six factor solution although at this grade 
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Bevel) the factors. hence*the=subtestsy include’a’ synthesis of linear 


and area items. 


b. Subtests of the Fractton Achtevement Test 

The Fraction Achievement Test contains 83 items at the grade six 
Vee mL ttt tiesuDLestmconstruct1One1S On the). basis) of a nine’ factor 
solution as shown in Table 20. 

Items 54 through 71, all addition or subtraction, have high load- 
ings on factor one. Four other item types have moderate loadings on 
factor one. Items 54 through 71 are combined to form an addttion/sub- 
tractton subtest. 

Factors two has loadings of*.49 to .77 for items 18 to 24, 27and 
29, all number line items. The items are combined to form a number line 
subtest. 

Factor three has loadings of .45 to .75 for items 40 through 47, 
items requiring changes from mixed fraction form to improper fraction 
form. The items are combined to form a renaming subtest. Other moder- 
atesloadings» on factor three range from .34 to ..49. These items 
involve four different fraction objectives. 

Factor four has items 2, 3, 5 and 7 through 13 with loadings of 
.34 to .80. The items form an tnutttal fractton subtest including 
regions with both congruent and noncongruent subdivisions. 

Factorsfive has atems 78 to 83 with loadings .46 to .67, all 
division items. Two multiplication items have loadings of .43 and .50 
on factor five. Two items from additton/subtractton and one from 
tntttal fractions also have low loadings on factor five. Items 78 to 


83 are combined to form a divtston subtest. 


TABLE 20. 


Items 


WOON ANARWNEH 


PRINCIPAL FACTOR ANALYSIS OF THE FRACTION ACHIEVEMENT TEST 


245* 
AOxere 
0 Say 


46 
47 


(NINE FACTOR SOLUTION) GRADE SIX LEVEL 
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TABLE 20 (Cont'd) 


Items 
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.44* 
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TABLE Z0s(Contid) 


Factor aie: 

ogni i 2 3 4 5 6 7 8 9 h? 
81 58* 44 
82 63* 65 
83 67* 52 

wmLOcal 

Vai ac emL2 1 a0. le, OOM OL UO eR.) 64.090 4.22, 24.08 43.76 

% Common 

Variances e 4 om lL oO l2. 251i. lo 10.65, 9200 7.77 7252 6593 

Sum of communalities 457. U5 


Total variance accountea tor 54.27 


*Items included on subtests. 
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Bactovesi xs ase highs loadanose ore: temse48.. 49°) 50¢.52 and. 53 all 
fraction comparisons. They are combined to form a comparing subtest. 

Bactoresevens showSswloadingseof. -56s tol. 85. for items 72,../3, 74, 75 
and if eeltemay6 hasua sloadingszof,s.o0, slichtly less than criterion. 
Items 72 to 77 are combined to form a multtpltcatton subtest. 

Items 29 through 34 show low but similar loadings on three factors. 
(Sée Appendix C for the nine factor solution matrix.) On factor one 
thesloadings seange: from. 2 lto.45, on. factor. four from,.29.to..46, .and 
OMe 2et0regsi xe tr Olmelo LOm dle LOAdinoseOnsother factors generally are 
consistent for these items. A decision was made to include items 29 
through 34 on an equivalence subtest since the items are testing the 
same objective and factor patterns are similar. The subtest is related 
to the additton/subtraction, tntttal fracttons, and comparing subtests. 

The eight subtests which emerged from the analysis are: 


CuUrecr es eemiili tia ier ractironse-——satems 1,02, °3,55,.°8, 95 110, 
Telpenl 2h 0813 


Subtest 2. Number Line — 19, 20, 21, 22, 23, 24, 27, 28. 
Subtest 3. Equivalence — 29, 30, 31, 32, 33, 34. 

Subtest 4. Renaming — 40, 41, 42, 43, 44, 45, 46, 47. 
Subcesteoee GOMmparing.——348), 249° 450..5.), 352.053. 

Subtest 6. Addition/Subtraction — 54, 55, 56, 57, 58, 59, 60, 


61, 62, 63, 64, 65, 66, 67, 
68, 69, 70, 71. 


Subtest. » Multiplication. a, chueion om o mie! OF mille. 
Subtest 8. Division — 78, 79, 80, 81, 82, 83. 


Examination of the fifteen factor solutions (see Appendix C), shows 
fewer relationships among subtests. Factor one with factors nine and 


fifteen have high loadings nearly exclusive to subtest six. 


114 


Factor two has high loadings only on the number line items of sub- 
test two. 

Factor three has high loadings for all the renaming items, those 
of subtest four, plus two items which were not included in a subtest. 

Factor four with factor thirteen include high loadings for the 
tntttal fractton items, subtest one, with a low loading for one sub- 
Practionetcem On raccor@tenicteen. 

Factor five has high loadings for the multtpltcation subtest items. 

The higheloading, comparing items are exclusive to factor six, 
dtvtston items load exclusively on factor seven, and equivalence items 
load exclusively on “factor eight. 

The fifteen factor solution supports the choice of subtests and 
indicates one very weak relationship among the tntttal fraction subtest 


and the addttton/subtractton subtest. 


ec. Subtests of the Fractton Retentton Test 

Selection of subtest items was based on the nine factor solution 
Ofecie principal factor analysis which is presented in Table 21. sPactor 
one has moderate to low loadings for several items but moderate to high 
lodaines trom. 54e8c0....cUs 10h i temssooutOm/o. surneuitemse formate 
additton/subtractton subtest. 

Factor \two thasehigh loadingssfor 1cems. Zlethroughs3s2.. Ihe items 
are combined to form the number line subtest. 

Factor three has two sets of items with moderate to high loadings. 
Items 33 to 38 with loadings of .40 to .80 are selected to form an 


equivalence subtest. Items 48 to 51, also with loadings greater than 


TABLE 21. PRINCIPAL FACTOR ANALYSIS OF THE FRACTION RETENTION TEST 


(NINE FACTOR SOLUTION) GRADE SIX LEVEL 


commu- 
Factor ; 

Items Pi at en Pe MEN 
1 2 5 4 5 6 yi 8 9 h 

en ee 
1 Ooms 47 
Z 41 38 B59 62 
4 oe ood 
4 Zu. 
5 2p 
6 SAS 
7 C4 39 
8 sao #o9 
9 .40 43 49 
10 BS 
iil GA Ue 64 
Ji 63% GZ 
Nigg Sho 63 
14 -48* 40 
15 a7, 47 oot 
16 .64* sO5 
Be 94 55 795 
18 254 soo 
19 oo 39 atau! 
20 ~45 B26 
maps oe oleae ROW 
Jags ere Sis 22 
25 sieree ade 
24 .70* 29 
ZS . 80* <5 
26 ao Ape ey) é 
LE .82* 70 
28 BOOS Z0 
29 TO0s 79 
30 86* 79 
Sa sees 5 
52 750% loli 
a5 nOU S . 80 
34 BOors ow 
55 a0 204 
36 OOe = 10% 68 
OW! Lon 365 
38 S45 nae aes ys 
39 46 345 aot 
40 5S. 40 46 
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TABLE 21 (Cont'd) 


Items 


Factor om 
ii Ene. eae “nality 
1 3 4 5 6 7 8 9 h? 
Se ee eae ee ee A Wo 
39 38 245 
m5 39 
38 PAS 
.74* 62 
.64* 64 
.64* 254 
.67* 62 
.63* 36% 66 
.36* 39% 44 
235% .45% .49 
.65* 37% Lip 
.66* .67 
.74% 68 
.65* 58 
.41* 239% 34% 54 
64% oil 
ae 
64% .42* .66 
258% .76* .62 
255% PATS 6 
.75* 74 
.68* 64 
259% ie 
.74* 67 
54% (ali 
.70* 56 
254% 39 
.69* 67 
68 64 
.80* fe 
.70* 64 
.73* 64 
B72 .68 
255% .42 
.78% 71 
.88* 84 
83% 275 
.69* 65 
255 .49* 61 
34 .50* 251 
Pk 63 
255% 252 
.72* 63 


(Cont'd) 
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TABLE 21 (Cont'd) 


Factor Commu- 
Trem nality 
1 2 3 4 5 6 7 8 9 ha 
84 .74* 7A 
85 .69* 60 
86 S4* 42 
87 FA 65 
% Total 
Vidi atCeml or DOmtO Ose TOO Om o. OUMm 5.25" 4.89 4.82 3.96 3.58 
% Common 
Vatrancem25 -o4l oO. coms cOneo. oo) 9.25 8.02 8.51) 6-98 6.32 
Sum of communalities 49.30 


Total variance accounted for 56.66 


*Items included on subtests. 
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.33, indicate the existence of a relationship between egutvalence and 
renaming subtest. 

Factors fourmnassoneeproupmored tems,g7Oetorsl, allanultipizecation, 
Joading, .34,to>..88<toyformea subtest. 

Factor seven has moderate loadings for items 79 and 80, .49 and 
poUmrespectavely, both multiplication items.and-high, loadings, .54: to 
WomLOrmitemSmoosntoO o,e mine Lastsgroup, are. combined, to» form the 
divtston subtest. A relationship clearly exists between the multi- 
plication and division subtests. 

Factor eight with items 52 to 56 having loadings from .34 to .74 
define the comparing subtest. 


The eight subtests extracted from the nine factor solution are: 


PUL ecm elt tea behractd Ose — items els 5.5, 9, l0-1275 14%. 16. 
Subtest 2, Number Line — 21-32. 

Subtest 38. Equivalence — 33-38, 

Subtest 4. Renaming — 44-51. 

Subtest 5. Comparing — 52-57. 

Subtest 6. Addition/Subtraction — 58-75. 

Subtest 7. Multiplication — 76-81. 

Subtest 8. Division — 82-87. 


Relationships exist between subtests 3 and 4 and subtests 7 and 8. 


Inspection of the fifteen factor solution (see Appendix C) shows 


factors one and three can be combined to produce subtest 6. Factor two 


supports the choice of items for subtest 2 and factor four supports the 


choice of items for subtest 7. The equtvalence subtest items are 
represented on factor five along with a renaming item indicating that 


relationship is maintained. 


— 


#0 oGLioa 


FactOresix supports, chescno1ce of items for Subtest 8 along with 
the existence of a relationship with subtest 7. 

Factors eight and ten combine to give subtest 4, and factor nine 
Suppo Gesm ne gcnO1 CemOLmiLCemsmrorssuDtEst (9, 

Factor seven with eleven and fifteen provide supporting data for 
PeCtismscleccCdstOnCOmphisemsuptesusl., =| [he Subtests and relationships 
established through the nine factor solution are supported by the 


fifteen factor solution. 


d. Canontcal Correlatton Analyses for Grade Stx 

Thee threces DMGssubtestsmandscach set, Of fraction test subtests 
were submitted to a canonical correlation analysis using the TBMC 
Supeests asepreaictors, and) tirse the achievement subtests as criterion 
VaGLables; and. then the retention subtests. 

The hypothesis being tested is: 

Hypothesis I. TBMC subtest scores are tndependent of 


fracttonal subtest scores at the grade 
stx level 


a) for the Fraction Achtevement subtests 
as certterton vartables, 


b) for the Fractton Retention subtests 
as ertterton vartables. 


(i) Fraction Achievement Subtests as criterion variables. The 
Matrix of correlations. amonguthe: three predictommandseiontecri terion 
Variables is presented in Appendix D. Results of the canonical 
correlation analysis derived from the correlation matrix are reported 
in Table 22. The three canonical correlations associated with each 
weighting system and the Chi-square value for testing each correlation 


are listed. 
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TABLE 22, CANONICAL CORRELATION ANALYSIS OF TBMC SUBTESTS AND FRACTION 


ACHIEVEMENT SUBTESTS GRADE SIX 


Canonical Chi 

Correlation Square df ie 
noo 60.81 24 . 000 
ee) 18.04 14 a2Us 
<L0 Ooo 6 hoo 


System of Weights Associated with the Significant 


Canonical Correlation 


TBMC Achtevement 

subtest Wetght subtest Wetght 
WeaeecineareMecasure w45 (eel ni tlaletraccions . 66 
Zearea measure 40) 2.) Number) line .09 
eee uineare and area Soeeequi Valence a28 
subdivision we) i Tesquentbare 15 

5S. Comparing 245 

6. Addition/Subtraction 49 

7. Multiplication BO 

8. Division 7U9 
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nentirse canonicalecorrel|ation O©t.55-1s5 the only statisti- 
cally significant value. The null hypothesis of independence is 
Le;ecvcdwemiNcasystem Of Wergltseassociatead with the Signiticant 
Ganoutica mecOTrelation vselisccamsat: the bottom ofm@iable 22. The 
strongest relationship, as evidenced by subtest weights, is between 
TBMGesubtest 3 and achievement subtest 1. Also of practical importance 
are TBMC subtests 1 and 2 and achievement subtests 5 and 6. Subtests 
which contribute essentially nothing to the relationship are achieve- 
Men CmsUDCesSes ez.) 4 s0/ and, oO. 

(ii) Fraction Retention subtests as criterion variables. The 
correlation matrix for the three TBMC and eight retention subtests is 
meportedsin Appendix) D. Resultseot ethegcanonical correlation analysis 
acre listedwein Table 235. The first canonical ‘correlation is significant 
SOmtihe null hypothesis 1s rejected. Inspection of the weighting 
system associated with the significant correlation indicates which 
variables (subtest scores) contribute most to the relationship. 

The three TBMC subtests contribute nearly equal amounts to 
Cicerclacionsnip wm OL tiesretentilons sUDLES~S, SUDLeSts sl. oO anasammlake 
Similar contributions and subtest 4, with a negative weight, has a 
negative relationship’ to the other subtests. Subtests 2, 7 and 8 of 
the retention subtests make no practical contribution to the relation- 


ship. 


Grade Etght 


a. Subtests of the TBMC 
Subtests were constructed on the basis of the principal factor 


analysis (six factor solution) of the TBMC and checked for validity 
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TABLE 23, CANONICAL CORRELATION ANALYSIS OF TBMC SUBTESTS AND FRACTION 


RETENTION SUBTESTS GRADE SIX 


Canonical Chi 

Correlation Square df iB 
jo 68.82 24 .000 
mtr, A/a 14 Ay 2 
sales 3.84 6 . 699 


System of Weights Associated with the Significant 


Canonical Correlation 


TBMC Retentton 

subtest Weight subtest Wetght 

1. Linear measure OL ieee ita lerract ons sent 

2.) “Areas measure Foore 2 eaNumber@line -.05 

5. Linear and area See Cui valence ~49 

subdivision wisi h. Ronatea ey 

See COMPAL ine Rey? 

6y Addi tion/Subtraction ZS 

7. Multiplication -.04 

SteeUivisicn .14 


122 


Zo 


with the ten factor solution. The six factor solution is presented in 


Table 24, 

Three factors are distinguished by the presence of sequences of 
high loading items (see Appendix A for TBMC items). Factor one has 
five items with loadings of .37 to .73, all area measure items. 

Factor two has loadings of .35 to .64 for items 19 through 24, area 
subdivision items, and factor three has six linear items with loadings 
Ope oetOn. Oo em fogetncr. factors three and four provide the ¢zrear 
subtest items. 

Thesthreessubtests which result from thessix factor solution 
are: 


Supltese i... linear measure — items™l, 2, 3, 4, 5, 7, 13. 
SUDLeS TL azem Areal measure — 14,155.16, 17, 18,26, 30. 
Subtesie. Area Subdivision — 19, 20, 21, 22, 23, 24. 


An examination of the ten factor solution (see Appendix C), indi- 
Cates a separation of linear measure items to three factors. A 
relationship is apparent between area subdivision items and linear 
measure items on factor tour. In seneral,, the choice of subtests as 


supported. 


b. Subtests of the Fractton Achtevement Tests 

Subtests were constructed on the basis of an eight factor solution 
asmshowne in lable 25.) [hes firstetacton has nigh loadings tor all 
multiplication and division items, 56 through 68, with loadings ranging 
from .44 to .73. Items 56 through 68 are combined to form a multtplt- 


catton/dtvtston subtest. 


TABLE 24, PRINCIPAL FACTOR ANALYSIS OF TBMC (SIX FACTOR SOLUTION) 


Items 


GRADE EIGHT 


1 ODE POU 
2 53* Oo 
3 55* 250 
4 aioe ow hy 59 
5 Si thee 48 
6 ode Oo 
7 55% OZ 
8 P45 38 
9 .20 
10 68 OZ 
11 69 BSC 
12 64 ao 
1S, e46* 41 
14 Afi 56 
15 Osan on 
16 Oa 45 
67 oe om =56 
18 ag EE 705 
19 se oo4 
20 noe 48 
Dal 2O4 Abyes 
22 4 orate ie a45 
lags Oe 49 
24 Ae HS 
25 sel 
26 Bos 48 
27. 5 BS 6 
28 BIS) 55 
29 .69 0 
30 a A Say oes OU 
% Total 
variance 10.09 OF 07 Wels) 6.66 Sens SaeLO 
% Common 
variance 22.61 2ONS.5 LW) ey? 14.92 P29 5 LESS 7, 
Sum of communalities Jah) 


Total variance accounted for 44.62 


*Items included on subtests. 
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PRINCIPAL FACTOR ANALYSIS OF FRACTION ACHIEVEMENT TEST 
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(EIGHT FACTOR SOLUTION) GRADE EIGHT 


43 


oOn 
-40* 
so4* 
Oo 
aor 
OU 


ia 
.74* 


045 


aioe 
48% 
sey 
Ole 


~42* 


Bou 


43 
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e005 
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TABLE 25 (Cont'd) 


Communality 


Them 1 2 3 4 S 6 7 8 h2 


39 m2 
40 704 he) 
41 mal .40 
42 BOO % 28 
43 aoe? 58 
44 BH as 35 
45 69* 56 
46 63% 60 
47 SOUs 62 
48 68* 54 
49 e/a Oe 
50 Ao 61 
Sal SO ye 40 
52. DOR 44 
BO Bs a eyer 3 OU 
54 50% Aches 
55 B42 Dad 
56 45% a Oe 
5, 70 Bet es 50 
58 58% 47 
59 Seas 45 
60 OD a 
61 ~44* 42 
62 pone 50 
63 sD4* 41 
64 sOos 49 
65 ~48* 46 
66 Lo 62 
67 Os 56 
68 sale 55 
omlotal 


variance OF SSet yz lun O -OGarsO 4 Om O tc La OO Oem OS 


% Common 
VaATTance mac eo olds OGm oom Lael OL Ont) Cameo Samoa 


Sum of communalities 522960 
Totaly variance, accounted for 48.47 


*TItems included on subtests. 
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Factor two defines an addttton subtest with addition items 42 to 
4JmLOaAd1 NG Ooe CO. 4 alld) tOMSmoomandvoo, both subtraction, loading 
.45 and .34 respectively. The subtraction items are common to both 
factors one and two but were selected as a logical extension of addi- 
tion. Items 42 to 55 form the addttton/subtractton subtest. 

Eight of the ten number line items have moderate to high loadings 
on factor three, and six show high loadings on factor five. The ten 
items, 11 through 20, form the number line subtest. 

Factor four defines an equtvalence subtest composed of items 31 
Como omwi the loadingspot.. 5UmtO ..7 5. 

A final subtest was selected on the basis of fairly consistent 
factor loadings, for the associated items. Items 1 through 5 showed 
On lyeawOmlOading ss oneatensthane noo DUt nadeSimilar factor patterns. 
The items are included in an tnzttal fractton subtest. 

Mhessubtestsmresuiltingstromethesitemeselection are: 


Subtest 1. Initial fractions — items 1-5. 
Subtest 2. Number line — 11-20. 

Subtest 3. Equivalence — 31-36. 

Subtest 4. Addition/Subtraction — 42-55. 
Subtest 6. Multiplication/Division — 56-58, 


Relationships exist) between subtest 1 and 2 >and between subtests 
4 and 5. 

An examination of the fifteen factor solution (see Appendix C) 
supports the established subtests. Factors one and seven show high 
loadings for number line items 11 through 20. Factors four and eight 
show high loadings for the addition/subtraction items and factors 


three and four show high loadings for the multiplication/division items. 
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Factors five and nine include all items for the equtvalence subtest. 


Subtest 1 items emerge with high loadings on factors eleven, twelve, 


thirteen and fifteen. Few relationships exist among the five subtests. 


Factors one, four and twelve are the only factors with item loadings 


greater than .55 from two different subtests. 


ec. Subtests of the Fractton Retention Test 

The eight factor solution shown in Table 26 provides the basis 
foresubtest item selection. Factor one with high loadings for items 
9 to 15, 17 and 18 defines the number ltne subtest. 

Factor two has moderate to high loadings for items 40 through 50, 
alljot which are addition and subtraction items. The items form the 
addttton/subtractton subtest. 

Factor three shows well defined structure for items 20 to 26, 
reducing and renaming items, which did not emerge in the Achievement 
Cocmedialy cic @elies)temsmaresexciuded trom this) secsot subtests in 
order that comparisons between canonical correlation results be 
factiitated. 

An equivalence subtest includes items 29 through 34 with loadings 
Otero mt Om OTONeraccOVet Ours racloOrmSi xe COneripuvesm tC OnUNCESUDUCS Ee 
Withee tems 29). 50band Slchavinge loadings) 00g. Oo ue. 42eands..00 
respectavely. 

Items 53 to 56, 58, 60, 61 and 62 have moderate to high loadings 
on. factor five forming a multiplicatiton/division subtest. Items 5/7, 
58 and 59 also have high loadings on factor seven. These are included 


in the subtest. 
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TABLE 26. PRINCIPAL FACTOR ANALYSIS OF FRACTION RETENTION TEST (EIGHT 


FACTOR SOLUTION) GRADE EIGHT 


: HOE Communality 
pone 1 2 3 4 : 6 7 8 h? 
a nat cA aS, 

1 43% a5 
2 .38* 59 
E 163 
4 39 
5 aa 
6 .48 5 
7 35 Oy 
8 58 ae 
9 40% (Be 
10 oe Wee: 
i 58% 45 
12 62% 85 
13 74% 59 
14 .65* Sy 
is 65* se 
16 42 46 
147 79% fee 
18 page 48 
19 ces 9 48 
20 40 42 
21 nie 68 
22 46 50 36 
Te 67 60 
24 for ae 
25 ah. ais 6G 
26 a) .40 54 
27 LS 49 
28 aca 45 
29 AT7* 68% 74 
30 37% 42% 46 
31 59% 36% Gil 
32 50% To elke 
ag 74* i 
34 ee ci 
35 n36 55 40 
36 So 
37 sn al 
38 39 ae 
39 49 43 
40 .38* 28 


(Cont'd) 
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TABLE 26 (Cont'd) 


Oe Communality 
poems 1 2 3 4 5 6 7 8 h2 
4] .41* ae 
42 Agee 45 
43 39% 40 
44 57* 44% 61 
45 oe 3] 
46 72% 65 
47 S7* AT 
48 at) eae: 40 
49 Rog? 49 
50 50% ae 
5] ES .18 
52 .18 
53 30 
54 58* 41 
55 66% 51 
56 58% 47 
57 65% fe 
58 50% 40* 47 
59 65% 49 
60 44% 40 
61 59 es 7 
62 44 Va ile 
oelotal 


variance S202 2620 6.0 erage) Seite SEU 4.6 See) 


% Common 
Varian cemm oy Suma. Aerie ORL? oe lo Oea Oe ome Oa hae) 


Sum of communalities Wee Ih 
Totalevariance accounted tor.40.2 


*Items included in subtests. 
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Of the first five items, all initial fraction, three have high 
Wevativem|Oadinpseom tactor-=ecrpnt. once again the factor pattern for 
the five items is consistent enough to combine them to form an tntttial 
fractton subtest. 

The subtests resulting from the eight factor solution are: 


Subtest 1. Initial fractions — items 1-5. 
Subtest 2, Number line — 9-18. 

Subtest 8. Equivalence — 29-34, 

Subtest 4. Addition/Subtraction — 40-50. 
Subtest 5. Multiplication/Division — 52-60. 


A yrelationship appears to exist between subtests 2 and 5, 1 and 3, 
shovel ah ekavell e- 

imspectdOnyoOretiestitteene:actor solution (see Appendix C) 
supports the selection of items for the number line subtest (see factor 
one), equtvalence subtest (see factor three), addttton/subtractton (see 
factors four and six) and the multtpltcatton/dtviston subtest (see 
factors five, eight, eleven, fourteen and fifteen). 

Subtest leeiicvtials | octritons, nas;a better factor structure) for 
eiiscmsolucronewithenione loadings 10re items 2, 5) andsdeetrom Os atom. oly, 
on factor seven. Items 1 and 5 have loadings of .20 and .32 respec- 
ervey: 

Relationships that exist between subtests are evidenced on factors 


one, three, five, nine, ten, eleven and thirteen. 


d. Canontcal Correlatton Analyses Grade Eight 
The three TBMC subtests and each set of fraction subtests were 


submitted to a canonical correlation analysis using the TBMC subtests 
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as predictors and first the achievement subtests as criterion vari- 
ables and then the Yetention subtests. 
hemhypotnesasabeingatestedias.: 
Hypothesis I. TBMC subtest scores are independent of 


fraction subtest scores at the grade 
etght level 


a) for the Fractton Achtevement subtests 
as crtterton variables, 


b) for the Fraction Retentton subtests 
as ertterion vartables. 


(1) Fraction Achievement Subtests as criterion variables. A 
summary of the canonical correlation analysis on the five fraction 
achievement subtests as criterion variables and three TBMC subtests 
GsmeOreculcCOns Tis O1Venein lable eae 

The null hypothesis is rejected and the weights associated 
Wichethiessitoniticane Canonical, correlation are listed at the bottom 
Ciel avlens) 

The canonical correlation indicates achievement subtests l, 
2 and 5 are most closely related to the three TBMC subtests. 

(Ai eEraction ketentton oubtests as criterion variables. Results 
of the canonical correlation analysis using retention subtests are 
teporred sin Jable 28.) the nulishypothesis issre;ectedsandsetheswerents 
associated with the significant correlation coefficient are given. 

Thesstoni ti cantare lAtlonsiiperesultsmrrommeclOoselyerelaced 
scores on retention subtests 1, 2 and 5 and three TBMC subtests. The 
number line is the most important retention subtest in the relationship 
with a normalized weight of .81. Subtests 3 and 4, with weights of 


.08 and .12 make no practical contribution to the relationship. 
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TABLE 27. CANONICAL CORRELATION ANALYSIS ON ACHIEVEMENT SUBTESTS AND 


TBMC SUBTEST FOR GRADE EIGHT 


Canonical Chi 

Correlation Square df B, 
mou SU . 000 
Pell Sig) - 354 
lh 2.0 . 466 


Weights Associated with Significant Correlation 


TBMC Achtevement 
subtests Wetght subtests Wetght 
1. Linear measure Le Sinatra Aas 
and subdivision 5 

2. Area measure ees 2. Number line eae 
Ope Area, subaLv1si0n FOOMEEO,emCOGUIVaLence OLS 

Ae Addition/Subtraction = OA 

5. Multiplication/Division .49 
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TABLE 28. CANONICAL CORRELATION ANALYSIS ON RETENTION SUBTESTS AND 


TBMC SUBTESTS FOR GRADE EIGHT 


Canonical Chi 

Correlation Square df P 
.45 ATL 15 .000 
gOS) 52 on _ CRS 
lbs 5.0 3 akon’) 


Weights Associated with Significant Correlation 


TBMC Retentton 
subtests Weight subtests Wetght 
1. Linear measure nOZ Mice. dbahigealeegl 44 
2. Area measure OMe | SeNUMNDeT lane OL 
3. Area subdivision Poo oe ee PGuiVvalience .08 
AS SerAddiutaony Subtraction e12 
Demo Multiplication, Dav isi On mmmeoo 
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Results of the Data Analysis: Question II 


Question II. Do school attended, sex and nonverbal I.Q. 
affect measurement test (TBMC) scores at 
the three grade levels? 

The associated null hypothesis is: 


Hypothesis II. There ts no stgntftcant difference 
between mean scores on the TBMC 


a) for the three school levels, 
b) for the sex categortes, 


e) for the high/low nonverbal I.Q. 
categorves. 
1. Grade Four ANOVA on TBMC Scores 

Cell means for the grade four TBMC scores are shown in Table 29. 

A three way analysis of variance was carried out on the TBMC 
ScoLeo me ectilar, mOLEresULUSmisoupresenteds ine lable, 50. 

Tiems choo tractors eratro.(6.25)) 1s)signifticant at the .01 level 
and the null hypothesis that there are no differences between mean 
Scores, for schools is rejected. The difference between 1.Q. level mean 
ScOresmisesioniticane, ac thes.0l levely and the: null hypothesis rejected 
1808 i acd SrihW be Tiesnwilieiypothesrsethatenosditferencesmexistepecweenmsex 
group means and that there are no significant interactions is not 
rejected because the F ratios do not exceed the critical values. 

Since the school factor shows significant differences between 


mean scores, the Scheffé test is applied to determine which schools are 


significantly different. A summary of results is presented in Table 3l. 


Students from schools one and two perform significantly better 
than students from school three and students with high nonverbal I.Q. 


scores perform significantly better than students with low I.Q. scores. 
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TABLE 29. CELL AND GROUP MEANS ON TBMC GRADE FOUR 


TABLE 30. ANOVA FOR TBMC GRADE FOUR 


Source SS 
school (A) 134, 
sex (B) : 
nonverbal I.Q. (C) 2108 
A XB 18e 
nh DEAE 44 
Boxe G 
AUX BUXSE 18 


df 


NINO RFRNN FF ND 


MS 


67.24 
BS) 
216.05 
9.94 
Ut IAP! 
. 06 
eis 
10.79 


School 
Nonverbal I.Q. Sex 1 3 8) 
H M WES I 1Wa3 Lata LS* 
F M4 17.4 S20 
L M oe 1279 eS) 125 
F 13.4 12a 9:8 
X School 14.3 14.4 ie) 
Xesex 15) lS SM) 
*n=3 
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TABLES: 


SCHEFFE COMPARISONS OF SCHOOL LEVEL MEANS GRADE FOUR 


Schools (levels) F Ratio P 
1-2 .006 ey the 
1-3 15.83 <<. OT 
2-3 16.48 <a | 
F902 ( 23800) t292 (498 2)g= 29 564 
F.o5(2,100) = 2(3.09) = 6.18 
TABLE 32. CELL AND GROUP MEANS ON TBMC GRADE SIX 
School me 
Nonverbal 1.Q. Sex I 2 %) XI.Q 
H M 19a, 2055 19.0 2025 
F 20.8 2156 ate 
L M 16.0 ih os 14,9 16.4 
F 1o29 14.8 15 od, 
X School 1922 18.6 toms 
X Sex 18.6(F) 18.2 (M) 


2. Grade Stx ANOVA on TBMC Scores 

Cell means for the grade six TBMC scores are shown in Table 32. 
Results of the three way analysis of variance carried out on the scores 
SreerepOrtecdmine tab lems 5. 

At the grade six level the null hypothesis is rejected only for 
Chesnonverbalel.Q..croupameans. | [he F ratio of 28.29 is significant 
at the .01 level. Mean scores for boys and girls are not significantly 
different nor are differences between school mean scores. The null 
iypOEeCs tomisenOtereg ectedutOrm those factorsanoreror the effects of 


interaction. 


3. Grade Etght ANOVA on TBMC Scores 

Cell and group means for grade eight TBMC scores are reported in 
Wapless4-mercsulcseot whevanalysis Of Variance are reported in Table 
Ore 

ThesHeratiossof 5.04 and)45,16 are highly significant for school 


angel. Oemrespectively. «the null hypothesis is rejected in both cases 


TABLE 33. ANOVA for TBMC GRADE SIX 


Source SS abe MS F P 

school (A) A eea/ay: 2 20.88 OS 254 
sex (B) hos 1 IV hei SM RS) RW As) 
nonverbal I.Q. (C) 426.95 1 426.94 Zoe2d 000 
A XB lO 2 2S5eo2 1.69 189 
ABXEG 28.555 2 14.16 94 394 
BexeG 2.90 1 2090 19 662 
SOE 13) ONE 45.48 2. 22a, il ssa e220 
error 1886.59 125 15.09 
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TABLE 34. CELL AND GROUP MEANS ON TBMC GRADE EIGHT 


School 
Nonverbal I.Q. Sex 1 2 3 Vail, 
H M 25-5 Satie) 2255 PSs I 
F 24.8 22:8 PSD NP 
|i M INS ha io 18.6 19.0 
F Zar e 1 Ona 16.4 
X School 2501 20.9 1982 
X Sex Zits CB) ais (M) 
TABLE 35. ANOVA FOR TBMC GRADE EIGHT 
Source SS df MS F P 
school (A) 176.34 2 So aly 5.84 004 
sex (B) ral 1 seal. 05 829 
HONnVerpale lsd =) 651.45 1 651.45 43.16 000 
A XB 22550 2 ISS 74 480 
Ae Xe OEGy, 2 4.83 52 726 
BaxsG othe! Ih ahs) 0 .608 
AwXeBexXaG Pees p Sree ately! 422 
error 202209 134 109 


P59. 
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and the Scheffé test applied to the school means to determine which 
means are significantly different. Results of the Scheffé tests are 
shown in Table 36. 

Res tam Otmecloms tatisclctlmarese su ilaicatcathat school mean for 
School level 1 is significantly higher than for school levels 2 or 3. 


No significant difference exists between means for schools 2 and 3, 


4. Summary of ANOVA on TBMC Seores at Three Grade Levels 

AmCOMPaL SONsO tathemetrectseoteschoolmusexnandyl.Q.atactors, on 
TBMC scores at the three grade levels shows that nonverbal I.Q. affects 
EBMGescores at alljlevels. | ihe school factor has a significant effect 
atmecnescracesetOurmeand: clgiG devels.s Boys and, cirls mean scores are 
HOUESLONIClcCantiyaditrerenc aveany level, = There are no significant 


MicerecelOnecnrecconamongutnesraccors. 


Results of the Data Analysis: Question III 


Question III. Does performance of students from dtfferent 
schools, having htgh or low TBMC scores, and 
high or low nonverbal I.Q. scores, dtffer on 
fractton test scores at the three grade levels? 


wiewassoctatedmnul l hypotheseseare:: 
Hypothesis III (1) There ts no stgntficant difference between 
mean Fractton Achtevement scores 
a) for the dtfferent school levels, 
b) for high and low nonverbal I.Q. groups, 
e) for high and low TBMC groups. 
Hypothesis III (2) There ts no stgntficant difference between 
mean Fractton Retentton scores 
a) for the dtfferent school levels, 
b) for high and low nonverbal I.Q. groups, 


ce) for high and low measure groups. 


TABLE 36. 


School levels F Ratio P 
1-2 Ae Gs 
1-3 ZOOS <_ 01 
2-3 BO US 
Beouc2s 25) eae (4978) e=7 9.56 
Pes 2a) aes ee O oe 
TABLE 37. CELL AND GROUP MEANS ON FRACTION ACHIEVEMENT GRADE FOUR 
School 
TBMC nonverbal I.Q. 1 2 XTBMC 
H H 34.6 Zomo 3058 
L SUS) Zio 
L H 2s Z0),.0* 23.4 
L Ze 20%. 8 
X School as 24.3 
Xe Is. Q'. 507.8.(H) 247.2 (L) 
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The hypotheses were tested at the three grade levels. Results are 


reported below. 


1. Grade Four ANOVA on Achtevement Scores 

The Fraction Achievement test cell and group means are reported in 
Table 37. A summary of the results of the analysis of variance carried 
Outson che scores 15 )presentea in lable 58. ~The factorial design 
iMectucdesSetirecemtaccO1s smesCnOOlLmcWwOPlevels) ; nonverbal, 1.0. (two 
levels), and TBMC (two levels). F ratios for school and TBMC exceed 
the critical values and the null hypothesis is rejected for those 
pactOrs = Diererences petweenmmeall scores for the two 17Q%8 groups are 
NOtss1 oni t1cane Nor are any interaccion errects. Mean? scores for 
Studencsearromescnool level onesand 10x the high TBMG sroup are? higher 
than mean scores for students from school level two and from the low 


TBMC group. 


TABLE 38, ANOVA ON FRACTION ACHIEVEMENT SCORES GRADE FOUR 


Source So df MS F P 
school (A) 681.69 1 681.69 15.00 .000 
nonverbal I.Q. (B) 43.06 1 43.06 B95 5S! 
TBMC CC) SoS 1 Seo ga a dia 001 
A XB 25044 if Theft! OS 431 
At ReG 61516 z Gl 1G 15S 249 
BexeG 15.44 1 15.44 5 oil 561 
Oe RED EAE 550 i £56 RO ao2 
error 4589.06 OT 45.44 
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2. Grade Four ANOVA on Retentton Scores 

Cell and group means for the Fraction Retention test are reported 
in table 39." Results of the three way analysis of variance carried 
SURO ChcesCOLe SmarecmrcoOLecdminglable 40. 

Tes eerdtlosexcecdsutne car icicalevalues toreschool, TBMCy*and. all 
interactions. The null hypothesis is rejected for the above cases. 
Ditferences between mean scores for students in*®high and low 1.Q. 
Cavegories are not significant. The null hypothesis is not rejected 
Oger ee 0), 

With highly related independent variables it is not possible to 
determine the exact amount of variance accounted for by each factor. 
Miyetnewcasewot interactions. 1t can be sately assumed thatevery little 
variance is accounted for, and, although the interaction effects are 
Staviscicallyestonipicanc, vests are not performed on individual cells. 
Interactions are shown in Figure 5. 

Figure 5a is the plot for nonverbal I.Q. with schools on retention 
scores. Although high I.Q. students do better than low I.Q. at both 
school levels, students from school 1 with low I.Q. do nearly as well 
as students from school 2 with high I.Q. Mean scores for the two 
eroups are 29.7 vand 50.darespectively..) (Ihesettect of IsQ.sscemsmtogbe 
greatest at the school 2glevel with ithe highsisQsecroupsmean score 
S0¥lwandethe low 1.0.5 eroupsmeaniazs. 0: 

The interaction of TBMC levels with school (see Fig. 5b) shows 
a dramatic difference at the school 2 level. As with the I.Q. groups, 
students from school 1 having low TBMC scores and students from school 


2 having high TBMC scores show similar performance on retention. 


am eoshcten 
, 


svisogqast 1.0€ 
onc ad : 


TABLE 39. CELL AND GROUP MEANS OF FRACTION RETENTION GRADE FOUR 


TBMC nonverbal 1.Q. 1 2 XTBMC 
H H all Com Sok) 
L lew 28.6 
L H SVs ro Zoe 
L ME 2059 
X School Ces goto, 
Te ie 32.3(H) 24.5 (L) 
*n=3 


TABLE 40. ANOVA ON FRACTION RETENTION SCORES GRADE FOUR 


Source SS df MS F 
school (A) TOS Ones 1 1056718 ZSe50 
nonverbal I.Q. (B) 6.07 ih GOnUl7, 16 
TBMC (Cc) T427558 1 42055 38.44 
A XB LiOzOS 1 170.38 4.61 
OX. G 489.64 i 489.64 het 78! 
BexeG Li 35206 1 14/506 4.68 
Ne Bike G 2 Ome 1 ZoleL2 Gray 
error SW eid ol) 101 561.99 
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H TBMC 
25 2S 
Taos 
20 20 L TBMC 
15 15 
10 10 
5 5 
a ne RR PRET Tr Fey 1 oer mr 
1 2 1 2 
ale School be School 


1.0. H TBMC 


Ih IE oO Teh Ae 


25 H 1.Q 25 

20 wt ont 20 -L U.0, LTBMC 

15 15 

10 10 H 1.0. L TBMC# 
5 5 


(6 TBMC de School 


* n = 3 for school 2 


Pig oe einteracuicns among =scnool, I.0e and 1BMC on orade four 
Tetenclons vests cores. 
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Mean scores are 30.1 and 31.3 respectively. The difference between 
mean scores for students from school 2 having high and low TBMC scores 
iswlarge. Means are 51.3 ande20mlerespectively. 

Figure 5c indicates that students in high TBMC groups outperform 
students from low TBMC groups regardless of I.Q. level. Figure 5d 
supports that notion. The plot for H IQ L TBMC on Figure 5d must be 
viewed with caution since school 2 has only three students in that 


category. 


3. Grade Stx ANOVA on Achtevement Scores 

Cell and group means for the grade six Fraction Achievement test 
are presented in Table 41. Results of the three way analysis of 
Warlance are reported in Table 42. 

nem heratitoseors56.05eandel4./0 for nonverbal 1.0. and TBMC, 
mespectively, exceed the .Ul™critical value and the null hypothesis is 
mevectecuron DOLNeLactOrs.. sine null hypothesis is not rejected for 
school and all interaction effects. Students who score low on I.Q. and 


TBMC also score low on fraction achievement. 


4, Grade Six ANOVA on Retentton Scores 

Cell and group means for grade six retention are given in Table 
43. -Results of the analysis of variance on the scores are listed in 
Table 44. 

The three main effects are significant as evidenced by the F 
ratios of 3.92, 35.49 and 15.16 with associated probability levels. 
The three school levels are submitted to the Scheffé method of 


comparison to determine which pairs of schools have significantly 


tz niion 10% 212 st vets sa iD 
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TABLE 41. 
TBMC Nonverbal I.Q. 
H H 
L 
L H 
L 
X School 
6 IAO 

*n=2 

Tn=3 

TABLE 42. 

Source SS 
school (A) 203; 
nonverbal 1.Q. (B) 6072. 
TBMC (G) 1593; 
A XB 42. 
AXC 146. 
Bux G 128% 
AX Bix G 229: 
error 13548. 


df 
oY, Z Loi 
69 i 60722 
87 1 1595" 
34 2 Ze 
09 2 doe 
96 1 125. 
Zo 2 114. 
90 125 108. 


MS 


School 
ik 2 

69.5 70.6 
50085 58.8 
66.3 70.0 
475 AGS 
6253 GORS 
69.0(H) 48.7(L) 


6% 
14. 


147 


CELL AND GROUP MEANS ON FRACTION ACHIEVEMENT GRADE SIX 


XTBMC 


ANOVA ON FRACTION ACHIEVEMENT SCORES GRADE SIX 
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TABLE 43. CELL AND GROUP MEANS ON FRACTION RETENTION GRADE SIX 


TBMC nonverbal I.Q. i) 
H H 74.6 
L 59% 
L H 68 
iL 51s 
X School 66.3 
Ne I O% 728,65) 
*n=2 
Tn=3 


TABLE 44, ANOVA ON FRACTION RETENTION SCORES GRADE SIX 


School 


2 


Xe) 


_ 


3 


Source So df MS F P 
school (A) 1154561 2 Dele Sake 022 
nonverbal 1.Q. (B) 522 Oma 1 i Oe 35.49 000 
TBMC (C) Pie aoe sce i PEIN EM L526 000 
A XB 54.78 Z Zh wod .69 830 
AaXeG 332.45 2 POOm 5 eels Sis: 
BeXaG 17 LLG i Lia © lee 0 2D 
AX BX C 18404.60 125 147.24 
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different mean scores. Results of the Scheffé tests are reported in 
Table.45. 
Once again students with high nonverbal I.Q. and high TBMC scores 


show higher mean scores on retention tests. School levels 1 and 2 


have significantly higher means than the mean retention score for school 


level 3. 


NONGmOLetNemINeeTaAcCcTON cr icctssare Significant at’ the .05 level. 


TABLE 45. SCHEFFE COMPARISONS OF SCHOOL LEVEL MEANS FRACTION 


RETENTION GRADE SIX 


School levels beracio P 
1-2 POZ oi 05 
honk 42.8 <i): | 
2-3 34.9 << Ah 


mmm eee 


Eoisicelic Sasa Anwis) 
Fog s.G2el 25) meme (5502) 


Wool 
[on 
— 
TS 


5. Grade Etght ANOVA on Achtevement Scores 
Cell and group means for grade eight achievement are reported in 
Table 46. Thevanalysis,ot Variance results are reported in Table 47. 
The null hypothesis that there are no significant differences 
between means for school levels is accepted. F ratios of 15.3 and 


6.72 for I.Q. and TBMC exceed the critical value and the null hypothesis 


“ 
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TABLE 46. CELL AND GROUP MEANS FOR FRACTION ACHIEVEMENT GRADE EIGHT 


School 

TBMC Nonverbal I.Q. 1 2 3 XTBMC 
H H 6247 59.7 59.3 59.9 

r 57.3 Suh 52.0 
iL H Pie 58.6 60.4 BOne 

L 46.9 45.5 50.8 

X School 56.6 53.9 5359 

XGr.0 60.5 (H) 49.3(L) 


TABLE 47. ANOVA ON FRACTION ACHIEVEMENT SCORES GRADE EIGHT 


Source So df MS F P 
school (A) 20.88 2 10.44 cpl 887 
NoOnvertoda bale. = CB) T329382 iL 529262 ES, 000 
TBMC CG} 564.735 il Bo473 6.72 010 
A XB 64.27 2 626035 or, 692 
iA Xe G 350206 2 178.04 Pig Obs: NSS 
BEXaG 60.21 1 GUrzd 69 407 
ae Ba Kae OSo2 2 32.66 . 58 688 
error 1664.40 134 Si77..05 
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is rejected. Students in the high nonverbal I.Q. and high TBMC cate- 
gories have significantly higher mean achievement scores than students 


in low I.Q. and low TBMC categories. 


6. Grade Etght ANOVA on Retentton Scores 

Cell and group means for grade eight retention are reported in 
Table 48. Results of the analysis of variance on the retention scores 
aveeLtepoytcdsin lab les497 

The F ratios for nonverbal I.Q. and TBMC are significant at the 
MUimeaiGmeU JmlevelSarespectively.. “Méan retention scores for students 
having high I.Q. or high TBMC scores are higher than students with low 
I.Q. or TBMC scores. Differences between retention means for students 
in the three school categories are not significantly different. The 
DUUenVpOLies isms ereyectcdsrOret.(. and 1 BMG. but not rejected for 


school. 


TABLE 48. CELL AND GROUP MEANS FOR FRACTION RETENTION GRADE EIGHT 


School 

TBMC nonverbal I.Q. i 2 3 XTBMC 
H H SZ 56m 58.7 56.7 

L 56.8 49.8 54.0 
ii H 55.0* ili 55.6 50.6 

L 47.8 47.5 51.2 

X School 54.6 See 7 Seite 

Kare Oe 57.3(H) 49.9(L) 


*n=3 
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TABLE 49, ANOVA ON FRACTION RETENTION SCORES GRADE EIGHT 


Source oS df MS F P 
school (A) oie 2 45°55 96 9 catehy/ 
nonverbal I.Q. (B) 705. 00 1 705380 14.81 . 000 
TBMC (@) 2554S 1 Pipes) 4.89 029 
ReXos Use Sut 2 36.65 maa 465 
ATX C 128.08 Z Ole54 1229 278 
eae AG 49.13 il 49.13 nO S32 
RE eB eX © SUP ag 2 1SeZ9 go P 726 
error 6384.44 134 47.65 


7. Summary of ANOVA on Achtevement and Retentton Scores 
at the Three Grade Levels 


Mean achievement and mean retention scores between high and low 
TEMGeerToOuUpSPeare siomificancly diitterent at all crade levels.” Mean 
scores between schools are significantly different at the grade four 
level for achievement and retention and at the grade six level for 
retention. Mean scores between high and low nonverbal I.Q. groups are 
Significantly different at the grade six and eight levels for achieve- 
ment and retention. 

Due to the high relationships among the independent variables it 
is not possible to assess the amount of variance accounted for by the 
three factors in each analysis. It appears that TBMC contributes most 
consistently to the differences in scores for both achievement and 


retention tests. 
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Results of the Data Analysis: Question IV 


Question IV. Js the TBMC a potenttally useful predictor of 
rational number achievement at the three grade 
levels? 

The question is answered partly through determination of statis- 
Grcalesignificance of correlation coefficients and partly through a 
determination of how much variance is accounted for by the relation- 
ship. The first is achieved through an examination of correlation 
COcuhicLencserOnecie: fractzomecests with TBMC and: 1.0. The 
hypothesis being tested is: 

Hypothesis IV. The correlattons between TBMC scores 

and tests of fracttonal concepts are 
not stgntftcantly different from 0. 

Lieticsnullahypothesiseisarejected for any of the considered 

COcERICicntsS atnenethe sprediceorei Sacompared with nonverbal 1.Q. as ua 


traditional predictor of achievement and variance accounted for by each 


relationship reported. 


1. Grade Four Correlattons 
The correlation coefficients among the fraction test scores, TBMC 
scores, and nonverbal I.Q. scores at the grade four level are shown 


inimerables: 50. 


Both coefficients between TBMC and fraction tests are significantly 


ditferenteatrom Qgat the .01 level Comparing etheseswithethe corneta- 
tion coefficients between nonverbal I.Q. and the fraction tests shows 
the I.Q. with achievement coefficient, .49, is slightly higher than 

TBMC with achievement, .47. The I.Q. with retention coefficient, .54, 


is slightly lower than TBMC with retention, .56. Variance accounted 


153 


se 
eet A ‘oa ane 
VE wertesu 3 ryten ated oft 
. i Srey sf THyeRaTO4 “ay aaa ot 
it 42, Sovenetadfinn lone JOM sot 


159 t7ab ineens vitrug borewane ti: molseoup of. 


tsafartod 26 somnas cag ee ee 


tee bakIIeoe meL7t 
~cteey tone wod To MOLT HOR 


is 
lanes tk cuvertt Loveisos ai tavit oft” a 
aie | L. 
“yet ely Sires noteeavt art? sot etek * 


Slits A i > : 


:ab haves? pried eteods 
: a 
owen asoteeteeros at] ~VI efeedsoa 


i Bar| So's | be a ea aay hwy P ul - J 
ok a le Ses en te : ~< 7 

et | | , a tas ae tal \ - rp). 3. \ ; ads oe : - 7 

botoater ef eheensoqys Liu east ; 


bereqaed at tovatbexq eat maddy _exaekalt 


wd 
% 
>, 
a 
5 


rw 
ror seu Inte JME T= [nije 20 BOs sajberg 
etrogex qgidegodl 
= 
Bas orca) "ot ac 
jgat? sokdset? Shs Bowe otek » ft ded not seletnoss ae 


eo 


guetta axa evel su0t abaty oid Da seTOe hace i tagaovnan ‘bt 
3 > ee 
| : i need} ie sae! aN 


es ae 


154 


TABLE 50. CORRELATION MATRIX FOR GRADE FOUR* 


1 2 3 4 
1. Fraction achievement lini) 
2. Fraction retention atote: LO 
3. TBMC BAY. 256 176 
4, Nonverbal I.Q. ~49 204 Aye) 1.0 


CAlgecorrelatvonsesieniacicant at» the .01 Level: 


for by the relationships is approximately 22% and 31% for TBMC with 
achievement and retention, respectively, and 24% and 29% of nonverbal 
I.Q. with achievement and retention. 

The comparisons suggest that TBMC scores are at least as good as 


1.0. in predicting fraction achievement at the grade four level. 


2. Grade Stx Correlattons 

The correlation coefficients among the two fraction tests, TBMC, 
ar GmuOnVver la lmi. 0. mdareeLcportedsinelaDlesol ws eAll*coetfictents are 
Sioniticanciy datterent from 0 atethe .0l) level, 

The correlation coefficients between TBMC and achievement and 
retention ares. 558 ands .oSerespectivelyoue (Nesrelationships account 10x 
30% and 28% of the variance for the respective variables. Correlation 
coefficients between nonverbal I.Q. and the fraction tests are .72 and 
.73 and account for 52% and 53% of the variance of achievement and 
TELENT LON anespectively. 

At the grade six level, nonverbal I.Q. is the better predictor of 


achievement and retention scores. 
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TABLE 51. CORRELATION MATRIX FOR GRADE SIX* 


1 2 3 4 
1. Fraction achievement Vegi 
2. Fraction retention BO 18) 
3. TBMC 55 ans aU 
4, Nonverbal I.Q. ee ai ie si) 170 


EAL leCOrrelat1onsesioniticant at the .01 level - 


8. Grade Eight Correlattons 
The correlations among the two fraction tests, TBMC, and nonverbal 


ieOsmatesreporced in lable o2. 


TABLE 52. CORRELATION MATRIX FOR GRADE EIGHT* 


i 2 3 4 
1. Achievement 1.0 
2. Retention aw A?) 10 
ne LEMG 48 38 lee) 
4, Nonverbal [.Q. 62 moo fe: nA 


*All correlations stenificanteat the. 0l@level 


All correlation coefficients are different from O at the .01 level 
of significance. Coefficients between I.Q., and achievement and reten- 


tion, are higher than coefficients between TBMC and the fraction tests. 
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Variance accounted for by the nonverbal I.Q. relationships with 
criterion variables are 38% and 35% for achievement and retention 
respectively. TBMC scores account for 23% and 14% respectively. 
OGethestwoemnonverDalml. Owe cetneapetter predictor of fraction, test 
SCOTUGES,, 
4, Summary of Correlatton Results at the 
Three Grade Levels 

Correlation coefficients derived from TBMC scores and the two 
criterion variables are significantly greater than 0 at all grade 
levels. Comparisons with correlation coefficients between nonverbal 
1.Q. and the two criterion variables show no practical difference 
between predictive potential for TBMC and nonverbal I.Q. at the grade 
four level. At the grade six and eight levels nonverbal I.Q. appears 
EQupenchessuperior predretor. 

Correlation, coefficients ‘computed on total test scores for the 
TBMC and the fraction tests vary from the canonical correlations 
computed on linear combinations of subtests for the variables. A 
discussion of the differences and their implications is presented in 


chemlastmciapcenr. 


156 


a 
i 
‘ 
>. ae , wa 
‘uA fe \ 
7 
‘ 
r e o 
e 
os 
$ a Lr 
ue * 4 
‘ 1 
. a . 
ni, 
* ‘ _ a 
‘ — ‘ \ 1 a. et 
‘ — i atch, . --re a” i .* ww Vi 
Hi vs ad Pe dq - 


RIE, 


Chapter VI 


SUMMARY, CONCLUSIONS AND IMPLICATIONS FOR 
FURTHER STUDY 


Introduction 


The present study has two purposes. One is to determine the 
relationship between linear and area basal measurement concepts and 
fraction number concepts. The other is to determine the level at which 
students in grades four, six and eight are functioning on linear and 
area measurement tasks. The purposes are achieved through application 
of four questions and the associated statistical hypotheses. 

LitomcnapLetepLovidessassuimany OL researcharesults.. First, tne 
results are summarized under the main question headings and conclusions 
abesdvawn. interpretations of results are included. Next, a section 
is devoted to suggestions for further study including experiments 
DascosOlerincingssot tiis research. *“Kinally, the results of this study 
are evaluated in terms of the purposes of the study and related to 


findings trom other research studies. 


Summary of Results and Conclusions 


Question I. What ts the nature of the relattonshtp between 
measurement concepts and rattonal number con- 
cepts at the three grade levels? 


Results of the canonical correlation analyses using Fraction 
Achievement and Fraction Retention subtest scores at three grade levels 


were reported in Chapter V. The results are summarized as follows: 
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The tntttal fraction subtest contributes most consistently to the 
relationship between TBMC and fraction subtests at all levels. 
Equtvalence subtests make low to moderate contributions to the 
Significant relationship at the grades four and six levels on 
both analyses and low or no contribution at the grade eight level. 
Number ltne subtests make no contribution to the significant 
relationships on the grade six achievement and retention analyses 
and grade four achievement analysis, and a very weak contribution 
on the grade four retention analysis. 

Number line subtests make the major criterion contribution to 

the significant relationship on the grade eight analyses. 
Multtplicatton/Divtston subtests make essentially no contribution 
to the significant relationship on the grade six analyses and 

low contributions on the grade eight analyses. 
Addttton/Subtractton subtests make moderate to low contributions 
to significant relationships on grade six analyses and low 
contributions on grade eight analyses. 

Subtests of the TBMC, involving area or ltnear subdtvtston, make 
high contributions to significant relationships among subtests 
acealhimlevels: 

Area measure subtests make high contributions to significant 
relationships at all grade levels. 

Iinear measure subtests are most important at the grade 8 level, 
make a moderate contribution at grade 6 and no contribution at 


grade 4, 


les 


a ror ts 


10%=) The entire of variance accounted for by the significant 
canonical correlations was greater for the analysis 
involving retention subtests than for achievement 
subtests at the grade four and six levels. Variance 
accounted for ranges from 23% and 28% on the achieve- 
ment subtest analyses to 35% and 34% on the retention 
subtest analyses for grades four and six respectively. 
At the grade eight level variance accounted for ranges 
from 25% on achievement analysis to 20% on retention. 

A number of conclusions can be drawn from the above results. It 
would appear that the TBMC subtests are strongly related to the tnittal 
fractton subtest at all grade levels. Initial fraction as used here 
refers only to area (region) concepts. In particular, the subdtvtston 
subtests and area measure subtests make high contributions to relation- 
Suipseac dlieleveis.,  Onesconclusiton to berdrawn-1s;that *the “ability to 
operate in terms of area unit iteration and linear and area subdivision 
is necessary for success with initial fraction concepts. If one 
assumes that initial fraction concepts are fundamental to the learning 
of later fraction concepts then the implication is that understanding 
of area and linear concepts is necessary for fraction learning to take 
place. The basic behavioral statement is that students who can operate 
with basal measurement tasks can also operate with initial fraction 
tasks. 

The contribution made to the relationship by the number ltne sub- 
test at the three grade levels is a most important consideration here. 


Performance on Ztnear subtests does not appear to be related to 
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performance on number line items until the grade eight level. This 
result suggests that students who are able to operate with linear 
measure concepts do not associate the operations with number line 
operations at the grade four and six levels. At the grade four level, 
the linear measure subtest makes a very small contribution to the 
Significant relationship among variables. This would suggest that 
grade four students, although theoretically able to operate on linear 
measure tasks, are not generalizing that ability to the number line. 
At the grade six level linear measure is operational and a contribu- 
tion is made to the relationship but not specifically to the nwnber 
line subtest. This is a rather surprising result considering the 
notion of linear measure items as a more general case of number line. 
Students at the grade four and six levels apparently do not make the 
association. Only at the grade eight level does a strong relationship 
Nakew its appearances) Atethiselevel thesrelationshipris; the) single 
most important one under study. The results involving number line 
support the grade four and six teachers’ contention that students are 
not able to understand number line concepts and applications. 

The low but consistent contribution to the significant relation- 
ship by addttton and subtraction subtests suggests a weak dependence 
upon measure concepts. The multtplicatton/diviston subtests make no 
contribution to the significant relationship at the grade six level. 
The moderate contribution by multtpltcatton and divtston at the grade 
eight level makes no theoretical sense unless students at this level 
are able to view area measure in the most advanced sense as a multi- 


plicative two dimensional entity. Such an interpretation is not 
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necessary for development of area on the unit iteration basis peculiar 
to fraction models. 

The strength of the relationship between measure tasks and 
fraction achievement and retention concepts increases with the inter- 
vention of time at the grades four and six levels. The significant 
canonical correlations for both grades, using achievement subtests as 
a criterion, were smaller than significant canonical correlations using 
ReEcicLOnesuptcsesmasmamcnilcteri1on,. lhe —IBMG subtests scores accounted 
for a larger portion of the variance in retention subtest scores than 
achievement subtest scores. This result could be due to the effects 
of memory masking the relationship between TBMC subtests and 
achievement subtests. Retention subtests, under such an assump- 
tion, would reflect a truer relationship with TBMC subtests. The 
canonical correlation dropped slightly from achievement to retention 
analysis at the grade eight level. Since grade eight fraction units 
lasted only a few days and no new material was presented, it may be 
GiaumOOCNe raculOnetescts, are acting aS retention, tests. 

IneChapter, lie1t was Shown that a theoretical relationship exists 
between measure concepts and fraction number concepts. Results of the 
canonical correlation analysis indicate that a relationship exists 
between measure and fraction number behaviors as assessed by a paper 
and pencil test. Specifically, initial fraction concepts and the 
operations of addition and subtraction are related to area measure and 
linear/area subdivision concepts at all grade levels. Linear measure 
and number line concepts are strongly related at the grade eight level 


only. 
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Kieren (1977) suggested that the measure construct is fundamental 
to a beginning understanding of rational number. The relationship of 
the area measure and ltnear/area subdivtston subtests with tnittal 
yractrone ac early lévels*of fraction instruction supports that notion. 
It is apparent from this study that measure ability is associated with 
early success on initial fraction tasks and the relationship continues 
into junior high school. 

Question II. Do school attended, sex, and nonverbal I.Q. 

have an effect on TBMC scores at the three 
grade levels? 

The effects of school, sex, and nonverbal I.Q. on TBMC scores 
were studied through analysis of variance techniques at the three grade 
levels. Results of the analyses are reported below. 

Weel nere are nowesieniticant, differences between TBMC 

Meanescores ot DOYS and girls at the three levels. 

2. At the three grade levels, students in the high 1.Q. 
Sroupescore, sigiiticantly higher than students in 
the low 1.0.0 group. 

3. At the grade four level students from schools one 
and two scored significantly higher than students 
ErolmeccnOGlmtincec. 

4, There are no significant differences between school 
means at the grade six level. 

5. At the grade eight level students from school one 
scored significantly higher than students from 


schools two and three. 
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Pheeresultsmouggesumtilatml. GO. artects 1 BMG scores at all grade 
levels and sex does not. Mean scores for girls and boys respectively 
aVeGmlosealc el), suatecle sradesrourelevel, 18:6 and 18727at the grade 
Six eicve lands andez |. seatecne sorade eioht Level, -Girls score 
Slightly higher at all levels but differences are neither statistically 
nor practically meaningful. TBMC scores are dependent upon grade 
level with development of boys and girls scores showing a remarkable 
Similarity. Figure 6 shows a plot of TBMC scores against grade level 
EOvmUOY Se andecirlG = AgSlignt levelling off) appears togeake place 
between grades six and eight for both boys and girls, but grade 
differences remain striking. 

iiecas tomiurpcancesOfetiicsschiool andgie QO. maine effects ‘couldsbe the 
TeculceOLeasniohere lavionship petween the independent variables.” In 
other words, differences between mean scores for schools could be a 
functron of large numbers of high 1.Q. students at one school level 
and low I.Q. students at another level. Examination of the I.Q. means 
for the different school levels shows the strongest relationship 
exre i lilopatetnesoradeyst xmleveluwithea di fferencesof thirteen sl. 0: 
POdNtsmDet ween Sschoolelevelmone and scnoolmlevelathiree ms Ditterences 
between TBMC mean scores are not significant at this level. At the 
grade four level school level two has the highest TBMC score, 14.4, 
and a mean 1.Q, score of 710525 School “level lone has mean TBMC 31473 
andameane (Ort! (me Lom secOnCludcdetiateal cnougiescnoot andel.Q.sare 
not independent measures, the effect of school on TBMC scores is not 
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Fig. 6. TBMC scores against grade level for girls and boys. 
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Question Ila. What ts the nature of differences between 

measure behaviors, as assessed by the TBMC, 
of students at the three grade levels? 

Differences between students at the three grade levels are placed 
in two categories: those associated with the derived TBMC subtests 
and those associated with items not included in subtests. The first 
discussion involves items included in subtests. 

Items 1 through 5, comparing polygonal paths, increase in diffi- 
culty (complexity) from comparison of paths composed of equal sized 
units to comparisons of paths composed of varying unit sizes. The 
GiEerculeyeindexwrOretiesti ve ui tense1S snownein = lable =53 for “the 
Enmeceerademlevels. 

Each index indicates the proportion of students getting the item 
correct at each level. The difficulty index increases for all items 
from grade four to grade eight. Items 4 and 5 are well below an 
acceptable level for grade four with only 28% and 35% of students 
responding correctly. Both items involve varying unit segments in 
bocnepolyconaleapaths ofaa pair.) [temil 1s) the only <item grade four 
students find easy. It involves equal units on both paths. The only 
requirement is that students be able to count and compare numbers. 
Grade six and eight students have difficulty with items 4 and 5. At 
the grade six level approximately half of the students are unable to 
combine size of unit and number of units successfully. Grade six and 
eight students are successful on items 2 and 3. Both items involve 
comparing pairs in which one path is composed of equal units. The 
other path is composed of equal units which are longer than those in 


ches firstepath. 
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TABLE 53, DIFFICULTY INDEX FOR ITEMS 1 THROUGH 5 (TBMC) GRADES 4, 


6 AND 8 


Grade level 


Item 4 6 8 
Hh Awol Aas 86 
2 <O2 . 86 84 
3 DO 67 74 
4 As: 47 56 
5 nets) aye 62 


If linear unit iteration is operational at age eight - nine 
(Coxford 1968), then one would expect most students in grade four to 
complete the five items satisfactorily. This is clearly not the case. 
ineract me hadeesi xno tudenessare: succCessiul on) only three of the five 
items uSing .65 as a minimum index of acceptability. Most students 
experience ditticuity on the most complex comparisons. 

Items 6 and 7 require students to subdivide a line segment into 
BiVvicmandes EXecQuale Dances em laDlemot—listS the ditfticulty indicesaton 


thesgtnreesoradcalevers. 


TABLE 54. DIFFICULTY INDEX FOR ITEMS 6 AND 7 GRADES 4, 6 AND 8 


Grade level 


Item 4 6 8 


6 oy aOS . 80 
7 50 OU mo 


Students aged eight years are expected to perform subdivisions 
Successtulhy Ongay trial gandserrorgbasisys | Thesindices of 8.37, ande,30 
indicate that this is not the case at the grade four level, where most 
Studentseare tnabléstomcompletemthe: tasks satisfactorily.) At ‘this 
level many students equate number of equal parts with number of 
partitions, thus ending up with one more than the desired number of 
subsegments. At the grade six level, student performance is generally 
satisfactory on the items. 

Etemsa!l 2eand | 3rarestwousimple unit iteration (items srequiring 
students to construct segments twice and five times as long as a given 
segment. Students between ages eight and nine years are expected to 
master these tasks. Table 55 lists the difficulty indices for the two 


items at the three grade levels. 


PADLES Oo eue DIFP LEULLY @INDEX POR) ETEMS 12 AND 13' GRADES @4, 6 AND 8 


Grade level 


Items 4 6 8 


12 00 HES) iTS: 
13 48 BOG O1 


Students at the grade four level experience difficulty with item 
13. By grade six an acceptable number of students have mastered the 
tasks. 

Examination of the factor loadings for the linear items discussed 


so far show an interesting trend for grades four through eight. At 
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Chescgrade tour level items 6557, 12.and 15 show a strong relationship 
in that they have similar factor patterns. The items, which involve 
subdivision and simple unit iteration, are distinct from items 1 
through 5 in the factor solutions. At the grade six level, items 6, 

(ee CeandeloeappeatecomDesre lateaatoOeareassubdivyision items. Not until 
grade eight do factor structures include combinations of items of linear 
subdivision, simple unit iteration, and the more complex operational 
finear measure items, i)through 5." This trend suggests a hierarchy of 
development which, in combination with difficulty indices, indicates 
Students at the grade four level have not mastered the simplest linear 
subdivision and unit iteration tasks as measured by this paper and 
pene lmtest ltsalsosappears tnac the operational concept of linear 
measure, including the subconcepts simple unit iteration and sub- 
division, does not crystallize until the grade eight level. 

Items 14 through 18 require comparisons of regions composed of 
Unit squares. Aréa unit iteration theoretically becomes operational 
between eight and ten years of age. Difficulty indices for items 14 
enroughelésare presented inwlable 56. 

More than half of the students in grade four completed each of the 
tasks successfully. Grade six and eight students found the tasks easy. 
None of the comparisons involved unequal sized units in a given region. 
A higher level of complexity exists which could present a greater 
challenge to students at all levels. 

Items 19 through 24 involve subdivision of plane figures into 
five and six equal parts. Plane figures include squares, circles and 


TectanglesseDitticulty indices are listed in) lable 5/ for grades 
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TABLE 56, DIFFICULTY INDEX FOR ITEMS 14 - 18, GRADES 4, 6 AND 8 


Grade level 
Item 4 6 8 


14 wel 405 295 
1S alo . 88 no 
16 .69 nou ls) 
ays 90 nel, Poo 
18 08 .80 aot 


TABLE 57, DIFFICULTY INDEX FOR ITEMS 19 - 24, GRADES 4, 6 AND 8 


Grade level 


Item 4 6 8 
Tom (Ss ie BELO 38 39 
20 (G) .08 21 51 
Zl (R) 5 69 69 
22a(S) ales 43 52 
25a) RO 25 Sy) 
24, (R) eZ. 45 62 


*(S) (GC) (R) denote square. circle, rectanglesitems respectively. 


Rite taskseavemycrvedi Gl 1cul tat OweticworadcmLOUrmandesi xeslUGcits. 
Atuallelevels subdivision of the circle 1s mostydifficult] «This is 


curious given that circles are used so extensively with fractions. 
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Squares are next in difficulty. A common error at the grades four and 
Six levels included dividing circles and squares into four equal parts 
ands thenssubdividingeone Ofetne quarter ssections. to, get. five parts... A 
number of students recognized the problem of inequality of subdivisions 
but suggested that it is impossible to get five equal parts. Another 
common error was subdivision by placing five or six partitions, the 
resulting number of parts being one greater than requested. This 
problem arose with squares and rectangles. 

Another common error was placing chords on the circles parallel to 
a diameter and equidistant from one another. This was occasionally in 
combination with too many chords to produce the correct number of 
subdivisions. 

At the grade eight level many students interpreted the tasks as 
requiring a greater degree of sophistication than was intended. Many 
students did not finish the tasks but pencil work indicated a great 
mumberaot aloebraicatechniques shad. been tried. 

Marking of the area subdivision items was very generous in terms 
of ''sloppy'' work getting credit. Rationalization for easy marking is 
that students may be able to recognize correct subdivisions but poor 
eye - hand co-ordination prevents success in performing the tasks. 

This problem was confounded at the grade six level where a small number 
of students took the "jigsaw puzzle'' approach to subdivision. This 
approach could mean that grade six students realize that subdivisions 
of area need not be congruent to be equal. Unfortunately, the results 
do not indicate the kind of reasoning that led to solutions. Mastery 


of subdivision tasks theoretically takes place between eight and ten 
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years of age. Using performance on pencil and paper tasks as a crite- 
rion, even very low mastery ts not apparent at that age. 

The following items were not selected for inclusion on subtests. 
Two sets of items based on two area objectives are discussed. Items 8 
through 11 were selected to test student ability to compare the area 
of two regions with no units provided. Results of the factor analysis 
at the grade four level indicate the four items are distributed over 
factors with very little pattern similarity. Results of the grade 
six factor analyses show the items loading on two factors, items 8 
and 9 on one factor and items 10 and 11 on another. At the grade eight 
level the items again load on two factors with very high loadings. The 
difficulty indices presented in Table 58 indicate that area comparison 
pecnsmare cenerally not dirricult at) the threesgrade’ levels. Item 9 
PomOmmDaGuicilatedneerescmDecauscsche difficulty sindex 1s, lowefor all 
grade levels. The item involves comparing a fat with a skinny region. 
The other items involved either two fat or two skinny regions. Students 
whos +Ocusson= length = forsitems9»might=be-expected=to-select=therskinny 
and long region as having greatest area. That answer is incorrect. 
The incremental increase in difficulty index for item 9 across grade 
levels is consistent with a developing ability to cope with such per- 
ceptual miscues. That only 51% of the grade eight students answered 
the item correctly is surprising. Items 8 through 11 were constructed 
to reflect a high level of measure ability, theoretically acquired 
around ten years of age. 

Perhaps the most interesting responses were those made to items 


25 through 30. The items require comparing shaded subdivisions of 
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pairs of regions. The item difficulty index for each item is given 


an LTablers9. 


TABLE 58, DIFFICULTY INDEX FOR ITEMS 8 - 12. GRADES 4, 6 AND 8 


Grade level 
Item 4 6 8 


8 tlie . 80 a8 
3 OU 41 peal! 
10 .80 . 88 . 88 
li pO ee! TAY) 


TABLE 59. DIFFICULTY INDEX FOR ITEMS 25 - 30. GRADES 4, 6 AND 8 


Grade level 


Item 4 6 8 
25 65 74 78 
26 25 aa, vA 
27 55 42 56 
28 ST 44 60 
29 52 e477, 50 
30 39 54 69 


Items 27 and 29 provide an interesting contrast to the others. All 
items except 27 and 29 show decreasing difficulty with grade level. 


Grade four students found the two items to be relatively easy. Item 
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27, requiring comparison of shaded parts, is illustrated here. Item 


29, 1Sesaniclar. 


Not only did grade tour students find the items only slightly more 
difficult than grade eight students, the low scoring students in grade 
four gave proportionally more correct responses than did other grade 
four students. About two thirds of the poor scorers (of the total 
TBMC) responded correctly compared with approximately two fifths of 
ene high scorers. At the grade six level students who score low on 
the total test also score low on the two items. At all grade levels 
the two items loaded on a single factor. The most compelling conclu- 
Sion is that many grade four students are focussing on the perceptual 
attribute of Jength. Grade six students appreciate the need for 
logical intervention but most students are unable to reason through 
to a correct answer. It would seem that grade six students are no 
longer willing to rely upon what may be perceptually obvious to grade 
four students. 

Items 26 and 30 are a challenge to all but the grade eight 
students. The required comparison of shaded subdivisions is illustrated 
in item 26 shown below. Item 30 is similar. The two items load on a 


single factor for grade six and eight students. At the grade eight 
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level the factor structure includes other area measure items, in 
particular items which test area unit iteration. The trend seems to 
be from a fairly random distribution on factors of items 25 to 30 for 
grade four students to a narrowing on factors at the grade six level. 
At the grade eight level results of the factor solutions suggest that 
the various area items are combining on factors. This can be inter- 
preted as a crystallization of area measure at the grade eight level. 

Question III. Does performance of students from dtfferent 

schools having htgh or low I.Q. scores, and 
high or low TBMC scores, differ on fracttonal 
number test scores at the three grade levels? 

Conclusions drawn from results of the analysis of variance on 

POACtTONELes tascoOres at ithemtoree trade levelsearcmlistedspelow, 

1. Students in the high mean TBMC group have significantly 
higher mean fraction achievement and retention scores than 
students in the low mean TBMC group at all grade levels. 

ZemmolLucdents. ing highsmeans 1.0.s cL OUpsescOmemss ont candy, 
higher than students in low mean I.Q. groups at the grade 
Sixmands ciohialevels: 

3. Mean scores between high and low I.Q. groups at the grade 


four level are not significantly different. 
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4. Mean scores between school levels are significantly 

different at the grade four level. 

5. Mean scores between school levels are significantly 

different for grade six retention tests only. 

The interdependency among factors causes some difficulty in inter- 
preting main effects. It is possible that TBMC categories are simply 
merlectiip siicheand lowel.Qe.escores in grades six and eight. At the 
grade eight level this is possible since the three school levels have 
mean I.Q. scores 110, 112 and 116, while mean TBMC scores are 19, 20 
idm omcespectively. ss sAtatne grade six level; however, the four 
Pecotcipatingescnools snavesmeanal.o. scores LOS, 3111 jV1l5 and vl16 and 
mean TBMC scores 16, 18, 19 and 17 respectively. Although clearly 
related, these are not simply redundant measures. 

Establishing the importance of each factor depends upon deter- 
mining not only the statistical significance of the factor contribu- 
tions but also the amount of variance of criterion scores accounted for 
by each factor. In view of the relationships among independent vari- 
ables at all levels, as evidenced by unequal cell frequencies, it is 
not possible to assess the proportion of variance attributable to each 
factor. Contributions of factors are assumed to be substantial in 
view of the large mean squares associated with the significant F ratios. 
It is assumed that the greatest contributions to variance are from I1.Q. 
followed by TBMC at the grades six and eight levels. At the grade 
four level school appears to account for most of the variance of 
achievement scores and TBMC accounts for most of the variance of 


retention scores. It is believed that substantial contributions to 
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variance are made by all significant main effects, but it cannot be 
determined what portion is attributable to each factor. 

General conclusions based on analysis results are that TBMC, I.Q. 
and school are significant main effects on fraction test scores. 

Question IV. Is the TBMC a potenttally useful predictor 

of rattonal number achtevement at the 
three grade levels? 

The strategy for answering this question involved first computing 
the correlation coefficient between TBMC scores and fraction test scores 
at the three grade levels. Significant coefficients were then compared 
Withenonverbal!:0.. correlation coefficients with the same criterion 
test scores. Conclusions drawn from the correlation coefficients among 
TBMC and nonverbal I.Q. with the two fraction tests are listed below. 

WelOtca mele MGesCcomesecOrrelatcesitoniliicanulLy, Wichetraction 

test Scores atuthe three grade levels. Variance 
accounted for ranges from 14% of grade eight retention 
to 34% of grade four retention. 

2. TBMC scores and nonverbal I.Q. scores are equally good 
DLEdictorssot tractionsacilevement acu thessraden: our 
Wicenlqssi ll 

See NonvVerba tele Os scoresmanresbetrerapredicrorncmotmnracc lon 
test scores than TBMC scores at the grade six level. 
I.Q. accounts for approximately 20% more variance than 
does TBMC. 

4. Nonverbal 1.Q. is a better predictor than TBMC scores 


Onetracuionescoresvetathcsorade ergonc level. ol. 
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accounts for approximately 15% to 20% more of the 
variance than does TBMC. 

The correlation results were derived from total TBMC scores with 
total fraction scores as a gross measure of the predictive potential 
of the TBMC. The canonical correlation analysis provides a set of 
correlation coefficients based on subtests selected for interpret- 
ability and independence. The canonical correlations provide a 
measure of predictive potential of the TBMC as a set of separate 
variables. The significant canonical correlation accounts for approxi- 
mately the same amount of variance in criterion scores as did the 
coefficient for total TBMC scores with total criterion scores at the 
grade four and six levels. At the grade eight level, the significant 
canonical correlations account for 2% to 6% more variance in criterion 
scores than does the total TBMC with criterion. 

An advantage to using canonical correlation is that the source of 
variance can be studied. Only one significant canonical correlation 
resulted for each analysis at each grade level. One source of vari- 
ance, distinguished by a unique system of weights, permits identifica- 
tion of the most important subtests to the predictive relationship. 
Speciticaltly.,it'can bewseen (See Tables 1S 02523 ethat themmaiper 
Zine subtest scores are not predicted by TBMC subtest scores at the 
grade four and six levels. At the grade eight level, a large portion 
of the relationship involved the nuwnber ltne subtest and the linear 
measure subtest. Inspection of correlation coefficients between total 
test scores does not afford analysis of such explicit sources of 


variance, 
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These predictive potential of the) TBMC is) viewed not just as a total 
score potential, but as a contribution of TBMC subtests and criterion 
subtests to an interrelationship that changes from grade level to grade 
level. In this sense, the TBMC subtests are viewed as a specialized 


SeteOteprediclors. 


Relationship With Other Research Findings 


Several studies involving rational number instruction were dis- 
Paced imeChaptetmull mukestles. Obtained in this study are related to 
some of those findings. Novillis (1976) found that students at the 
grade seven level (prior to rational number instruction) were unable to 
locate fractions on a number line with equal ease when the number line 
was of length one and of length two. She also found that students 
experienced greater difficulty when the unit was divided into more 
equivalent segments than the number shown in the denominator of the 
Pracelonepetnge located. seResponsessrrom grade Six students (after 
rational number instruction) from the present study are consistent with 
Novillis' results. Response by grade eight students indicates mastery 
of number line tasks. It is significant that the canonical correlation 
analysis at the grade six level shows no relationship between number 
line scores and linear measure scores whereas at the grade eight level, 
the relationship is most important. The evidence supports Novillis' 
suggestion that students must be made aware that the unit is dependent 
upon location of the numeral 1 and not the length of the number line. 
Grade six students do not experience much greater difficulty than 


grade eight students with linear measure tasks. With appropriate 
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instruction, it is expected that transfer could take place at the grade 
Sivcalevel . 

Owens (1977) found that students in grades three and four who 
scored high on area measure tasks had significantly higher mean scores 
on fraction concepts than students who scored low on area measure 
tasks. Results of the present study support that finding at the grade 
four level. Owens found no difference between grade three and grade 
four performance on fraction concepts and very little difference on 
area measure tasks. Data from the present study suggest that grade 
four students achieve very low with area measure tasks and it is 
possible that measure development does not have a significant effect 
with grade level until after grade four. 

Bailey (1974) studied success with polygonal path comparisons in 
Ghilarensthrouch grade three. #i\Onlyethree of the ninety students tested 
were able to compare paths with differing subsegments. Each path 
contained equivalent subsegments but one path had longer segments than 
the other path. The three successful students were at the grade three 
level. Results from the present study indicate that 62% of grade four 
students satisfactorily completed a similar task. Tasks of a more 
complex nature showed nonmastery at the grade four level. Bailey's 
contention that the ability to use the dimensions length of unit and 
number of units simultaneously is not apparent until after age nine is 
Supported. The further suggestion that number line interpretations of 
rational number are not meaningful to these children is also supported 


by results from the present study. 
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Payne (1976) found several persistent difficulties with pilot 
studies involving the Initial Fraction Sequence (IFS). Number line 
tasks, area measure concepts, and comparison between fraction symbols 
proved difficult for students in grades three through five. He 
concluded that fraction concepts take longer to teach than is generally 
thought. Results from the TBMC at the grade four and six levels 
indicate the IFS could profitably be incorporated at a higher grade 
Proveltempernapsepeolimingeineoraaes t1ve and Six 

Ginther et°al. (1977) in a survey’on student achievement found 
that students in grade eight have a reasonable understanding of the 
fraction concept but not of the structure of rational numbers.» They 
SuCvestetiat much INSseruction On tractlons shnouldsbe: left until junior 
ich eeResultser rom cleworade cient =traccionecests)in=the present 


study agree with the Ginther findings. 


Suggestions for Further Research 


On the basis of results from this study, several research projects 
should be carried out. Perhaps the most direct implication is for an 
experiment in which measure instruction is the major aspect of the 
experimental treatment. Instruction would focus on linear and area 
measure tasks similar to those included on the TBMC. Subdivision and 
unit iteration would be the primary concepts included prior to instruc- 
tion on fraction concepts. A control group would receive fraction 
instruction only. Such a study would be most productively carried out 


at ches tLouracossixmecrades level. 
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Weekly observations recorded during this study indicated a wide 
range in the use of measurement models at the grade six level. Another 
study would involve observation of regular mathematics classrooms on 
a daily basis for the duration of the rational number unit. This would 
be carried out at the grades five and six level, the object being to 
categorize instruction by model use. Another dimension could involve 
student/teacher interaction. A relationship between measure ability 
andwrraction test aperrormance bas been ¢stablished., It is reasonable 
to hypothesize that instruction utilizing measurement models will result 
ineieonerarractioneacnievement than instruccionatnat does not utilize 
measurement models. Such a hypothesis can be tested through observation 
of a large number of randomly selected classrooms. 

The TBMC was designed, for this study, to establish the relation- 
ship between measure concepts and fraction concepts. It also provides a 
level of measure development found in grades four, six and eight 
students. The TBMC was adequate for the purposes of this study but 
Mod Umicattonsot the test uisedesirable betore it is put to further use, 
Redevelopment of the TBMC will involve several steps. First, items 
which have been established as belonging to the same subtest should be 
analyzed and additions or deletions made so that every aspect of the 
concept ais) included in thessubtesc se sForeexanp en limedramcacuLem ices 
could include more variations in path configuration. A desirable end 
would establish a hierarchy of linear measure items requiring mastery 
at all levels for linear measure to be operational. Subtest items will 
be revised on the basis of item analysis and factor analysis at various 


age levels. 
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Items which do not cluster into neat subtests on the basis of 
factor analysis will be analyzed to determine whether the items are 
assessing a distinct concept not already included in a subtest. If 
the items load on unique factors it is possible that many other vari- 
ations of the items should be considered. For example, where four 
items have been included to test a concept, they may be testing only 
extreme instances of the concept and ignoring other points on a 
continuum. The TBMC could be split into two batteries, linear and 
area, each composed of a hierarchy of subtests. A program of research 
and redevelopment of the TBMC should be guided by fundamental test 
considerations such as those put forth in Standards for Educattonal 
and Psychological Tests (1974). 

The TBMC was designed to test measure concepts in the group 
classroom setting. The advantages of clinical testing and the inter- 
MUcwesicuatloneacesnOt avallable in such a context. It is probable 
that students perform at a lower level in group situations. Research 
should therefore be carried out on the relationship between performance 
on clinical tasks and performance on paper and pencil tasks in group 
testingssituations. It was pointed out.in Chapter IV.that the TBMC 
was developed to provide a standard in keeping with existing classroom 
procedures. It is realistic to assess student development in terms of 
that which is expected in the classroom context and not an artificial, 
if desirable, one to one situation. The objective is to develop a 


group test which provides as precise a measure of ability as possible. 
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Concluding Remarks 


The two purposes of this study were: to determine the relation- 
ship between measure concepts and rational number concepts and to 
determine the level of development of students at three grade levels 
on measure tasks. A test of basal measurement concepts, the TBMC, was 
developed to assess student measure skills. Results of a correlational 
analysis of the TBMC subtests with fraction test subtests provides the 
needed relationships at the three grade levels. Results of the 
canonical correlation analysis indicate a relational consistency between 
behavioral variables and the theoretical variables discussed in 
Giapcere eRe sultseOristatistiCcalmanalyses, Of sthe 1BMC indicate a 
sequential development of measure concepts in students from grades 
four through eight. Measure development as assessed by the TBMC lags 
behind developmental levels suggested by Piaget and others based on 
clinical assessment. 

Thess IBMGSiseaipocenttally useful indicator of readiness for 
measure related learning, for example rational number concepts. 
Difficulties with the TBMC must be researched and subtests modified 
and expanded on the basis of further item and factor analyses. Useful- 
ness of the test should be assessed in individual and prone diagnostic 
Situations. 

On the basis of results obtained from this study, implications 
can be drawn for curriculum development and instruction. Use of 
measurement models should be accompanied by assessment of student 


understanding of the underlying measure properties. Where students 


have not mastered the associated measure tasks, instruction should take 
place on measure objectives. Serious reservations are associated with 
the present inclusion of number line models in the curriculum. Evi- 
dence from this study suggests that students at the grade four level 
show an overwhelming inability to deal with both number line specific 
and general linear measure tasks. At the grade six level the implica- 
PVOnel om OLetnainingerorucranster trom. theslinear concepts, which’ are 
understood, to number line concepts which are not. At all levels of 
study, the relationship between measure and fraction behaviors suggest 


the need for transfer based instruction. 
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Protocol for Administering the TBMC 


Grade Four Instructions 


ieee Ist rd DucesteStS.sAskestucencs to. complete the first page 
including name, grade, school, teacher, date, birthdate, age. 


2. Beginning with question one, read every question aloud while 
students follow silently. Special attention is given to 
questions as described below. 


o. Question 1:7) "paths" are déscribed’ as paths along ‘which ‘an 
ant might walk. Two simple paths are drawn on the board: ~—W_ 
Students are asked which path is longer. 


4. Question 5: the idea of twice as much is explained by showing 
aeplecerOLsstringno micnes long andsthen saypiece of string 
chat tsel2yinches: long. 


See Question 6+ the notion of equal parts is explained by drawing 
two circles of unequal size and comparing the halves of each. 
ULierecomparisonss involve halves and thirds of the same circle. 


6. Questions 10 and 11: twice as big is explained to mean twice 
as much room to play. 


Vem Oucst10ne! le thiesnotion of ‘like’ 15 explained by 1llustrations 
involving similar figures. For example, a small and large circle 
are alike. An equilateral triangle (drawn on the board) is 
Putkeweanociermeculiacerdimcri angle: but ite1s not! lake” an 
esosceles triangle. A square is not "'like''9a rectangle. 


SeeECUcCStiCia 2m thcsnoculons of being 'equaleto''eis distincuished 
frompesne) congruent to! with allustrations anvolving rectangles 
which are equal (have the same number of unit subdivisions) but 
do not look the same (are not congruent). All illustrations are 
done on the blackboard. 


Grade Six Instructions 


Numbersa ly) 25.85). 50) Os eondmoeareesamilametomunemerade sour 
instructions given above. 


4, Question 5: ''twice as much" is described by verbal examples 
such as having a candy bar. How much would you have if you had 
twice as much? How long would your desk be if it were twice 
as long? 


LOS 


9. Question 12: stress is placed on thinking of the regions as 
cakes, not fractions. Students are urged to answer the question 
as it is asked and not to impose numbers on the parts. 


Grade Eight Instructions 


The instructions are similar to those for grade six but in questions 
TOeands 11 thes word “areal asi ised to explain what is being doubled. 
Grade eight students are told the figures in question 11 must be 
simtlar when the area is doubled. Emphasis is also placed on 
Wiest) Onm J DOsNOCEIncelprecsticssiacediparts.as fractions. If 
you do, your answers will not always be the same as when you answer 
the question asked. 
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TBMC 


SCHOOL GRADE 


NAME BOY GIRL 


rr 


BIRTHDATE AGE 


198 


1. BELOW ARE TWO PATHS, A AND B. IS PATH A LONGER THAN B, SHORTER 
THAN B, OR ARE THEY THE SAME? (Answer on dotted line). 


a a) Se ae ae as ee, as, es 


cs wr weer ke & = wee wm we ew «- @ = 


139 


Ne ee ee 


2. DIVIDE THE LINE SEGMENT BELOW INTO 6 EQUAL PARTS. 


3. DIVIDE THE LINE SEGMENT BELOW INTO 5 EQUAL PARTS. 


a 


BELOW ARE TWO YARDS, A AND B, WITH FENCES AROUND THEM. COULD 
MORE PEOPLE FIT INTO A OR B OR SHOULD THEY HOLD THE SAME AMOUNT? 


ee — —— =e — wre Ke er KH - 
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tiuCd Ma? CORA SEI WEEW a fA A 
°TMUOMA SMA2 SHT COU YEH oie & 20 A 


+ 


201 


ee eS ee ee 


5, DRAW A LINE THAT IS TWICE AS LONG AS THE ONE SHOWN BELOW, 


6. DRAW A LINE THAT IS 5 TIMES AS LONG AS THE ONE SHOWN BELOW, 


[Ss 


ma mr ans a 
se ee 


«a soiwr'at as ee 


with i . . a >be ce 
_wOIdad MwOse SMO SNP SA Gate 


a A ; z: " z 
= es eamF C aad fa of 
i oi ro 7 mH ‘eZ 


202 


7. BELOW ARE TWO ROOMS, A AND B. THE ROOMS HAVE TILE ON THE FLOOR. 
WOULD YOU HAVE MORE SPACE TO PLAY IN ROOM A OR B OR ARE THEY 
THE SAMF? 


HE 


ae mia ia aa —— = 


-]|-2- +2] e& =e ee ee ee 


| 
L 


Sl i te OS I a OE, 


ee 


8. SHOW HOW YOU WOULD DIVIDE EACH FIGURE BELOW TO GET 5 EQUAL PARTS, 
9. SHOW HOW YOU WOULD DIVIDE EACH FIGURE BELOW TO GET 6 EQUAL PARTS. 


REESE. rae | 


sees 


10, BELOW IS A SQUARE FIGURE. DRAW ANOTHER SQUARE WHICH IS TWICE 
AS BIG AS THE ONE SHOWN. 


11. DRAW A RECTANGLE LIKE THE ONE SHOWN BUT MAKE IT TWICE AS BIG. 


205 


12. LOOK AT THE PAIRS OF FIGURES BELOW. THINK OF EACH FIGURE AS 
A CAKE. IN EACH CAKE TELL WHICH SHADED PIECE WOULD BE BIGGER, 
A OR B, OR ARE THEY THE SAME? 


oor ee em Se se 
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Grade Four 


Fraction Achievement Test* 


*Figures in parentheses represent factor analysis equivalents. 


quo apts) 


utevettoA nobssey 


*jea7 Ti 


207, 


1. For each picture write a fraction that tells what part is shaded. 


(2) 


Be dss 
WLLL 


») RSS - 


(4) 


(3) 


(6) 


8) 


4 
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2. Write two fractions to tell what part is shaded. 


= (9) = (11) 

Ned B’. ) 
= (10) = (12) 
= (13) = (15) 

Ge) D.) 
z (14) = (16) 
= (17) = (19) 

FE.) 
= (18) = (20) 


3. Write the missing denominators to get a set of equivalent fractions. 


1 2 5 3 6 9 
A.) 0 a Dag G29) Be) So (pO IS (22) 
1 2 & 2 4 6 8 
Se] 7> 4? F (23) De) Bo il) (ole ie (24) (25) 
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4, Write two more fractions for each set below to get equivalent sets. 


i 2 3 6 
A.) iz > 6 ’ a G26)s SS C20) Be) i ’ iO; mers (28) a (29) 
on eer (50) ik > =o Ge, Ge 
2 4 5 
5.* Write each fraction in lowest terms. 
Z oad 12 
A.) ZY omar B.) StS oe ‘ore ees 
De) ie Es) = — F ) 15 = 
18 


(34) 


*Deleted from statistical analyses. 


Place an X on the point of the number line named by the fraction. 


5 

i ah han a a a (36) 

4 0 1 

2 

= et ttt ttt (37) 
a Ee 1 

2 

<> aaa DE nD nUNEEL-nUIEDEDNUE nse nie nee caer Se (38) 

0) 1 Z 
A 
Faia nian iain anik cake aac Goma: amas ae (39) 
0) 1 2 

Weltemuncetractionanamestor, cach point circled’ below. 

—+-—}-— + + = —— (40) 
0 1 

a = —— (41) 
0 1 

SULA LL ©O> ALL = —— (42) 
0 1 2 

Se = —— (43) 
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Oriel Ce so Ree COTTeCL eS) onl ee) OT: 


1O* 


1 1 1, 
2 

Deets a ely 2 Pan OS sie 
4 et 1 

Ge) Ss [a I> He) 35 (a) 

Find the sums. 
1 Teas 

A ) "28 + z = B ) 
iL 6 

Gs) GP ype ie are D.) 
1 Ht 

EB) ot 5 =a Fe) 


*Deleted from statistical analyses. 


_ 
oa 


No| |e 


|e 


un tO 


2 
C.) = 
5 
F.) 2 
1 
to) Ae 


lw 


PAL al 


Grade Six 


Fraction Achievement Test* 


*Figures in parentheses represent factor analysis equivalents. 


Ly? 


Das) 


aioe) 


£3) 


Give a fraction that tells what part 


of the circular area is shaded. 


(1) 


Give a different fraction for the 
shaded area. (2) 


Give a fraction that tells what part 


of the circular area is not shaded. 


(3) 


What fractional part of the figure below is shaded? 


(4) 


What fractional part of the figure below is shaded? 


(5) 


What fractional part on che figure bel owsismshaded: 


(6) 


Zo 


g.) 


ey) 


Name the mixed number that is represented by the shaded 


region below. 


SSIS NE ee 
ONSEN 


Name the mixed number that is represented by the unshaded 


region below. 


rH LN 


What fraction tells you how much of the square region is 
shaded? 
(8) 


Give another fraction for 
the shaded region. 


(9) 


Give. ay traction for the xy 
part that is not shaded. 
— \ 
\N 


*Deleted from analyses. 
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ieee 
oe Ff a 7 


a.) Give a fraction that tells how much of the square region is 
shaded. 


(11) 


b.) Give two fractions that tell how 


much of the square is not shaded. 


G128 (3) 


mea VvemamtracciOumeenate tells awhiate part, o1 thesset of figures 


is shaded. 


(14) 


Do) eeviaterractionalypart of the 


set is not shaded? 


(15) 


Ge Whetetractionalepart. of the 


set are squares? | Sy 


(16) 


dae Whatetracc1onaleparceoteune 


set are triangles? 


*Deleted from analyses. 


Z15 
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Sie Place each fraction below on the number line to the right. 
th 0 1 
z ew (17) 
Z 0 1 


2 0 i 2 (19) 
g 0 1 2 (20) 
s 0 1 2 (21) 
2 0 1 2 (22) 


Coen cAVeustWORtractionenames for the point circled on ¢ach number line 


below. 


é (23) (24) 
el . (25) (26) 


ee Oe ee eee ee (27) sate be Whips tbat (28) 


9, 


a.) 


b.) 


Give 


ahs) 


d.) 


Write 


Name any two fractions that are equivalent ‘aha 


z 
1 1 
z= — (29) = = — (30) 
Name any two fractions that are equivalent to — : 
6 6 
mw OD Be 
Name any two fractions that are equivalent to ae 
Zak om 
= = — 33) = 34) 


the lowest terms fraction for each fraction below. 


20 16 4 
c= —— (35) ob) SP 56) cs) 5 
oo BY 2) Seas 


each mixed numeral as an improper fraction. 


1 4 

27 =a aA) is) We Se (41) 
3 les 

Bes) ees (42) do) po (43) 


ROL) 
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10. 


lake 


Zee 


1h 


Write each improper fraction as a mixed numeral or whole number. 


a.) = —— (44) b.) = ——) (45) 
a = Stee (46) d.) = marr? ANI 


Telinwnetner thestinstetraction in each pair 1s equivalent to, 


greater than, or less than the second. You may use the symbols 


= , ae eee, 
ase Sy ee lee (49) cs) = = (50) 
Peeler elie ce Gls 962) 9 £.) 5, O gq S3) 


Find the sums or differences for each problem. 


Sata d Bee 20 10 
CMR Ok RUS (CATS yt cibsa) cie 30 fo) 30) hae 
5 2 ee ee, 27 10 

Ta Tn Oe eae Or a aD eS el eed, ep} 


Find the sums or differences for each problem. 


a.) $+ 5 = — (60) b.) get ge — (61) c) +52 — (62) 
d.) $-}-=— (63) e.) 2-5-— 4) £.) $-G=— (65) 
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14, 


in Sie 


LO. 


Wie 


Find 


Find 


ae) 


Find 


ase) 


diss) 


Find 


a.) 


ah 2 


the sums. 


the differences. 


ee 3 EE Tea ay wea 


Lieeproauccs. 


iio eae 2¢3elen 
ce ice a mee Ce Da d'G i Sailers UD 


1 


Ur 
x 
Ne 
N 


8 


the quotients. 


Zeit ely [oe 
=i e=— (78) db.) Sze 


C'ee ee Seed Li Teens 
S255 (81) e.) £3 


ae Ses) Met ee 


(76) 


Ce) 


ead) 


fe) 


3 
9x 5 


| 
x 
Hw 
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Sem. 1) 
(69) 
a) 
mee ies. 
= smcaeease (OMS) 
Fs= (0) 
=a O35) 


Zot) 


Grade Eight 


Fraction Achievement Test* 


*Figures in parentheses represent factor analysis equivalents. 


ae 


~ A 


sipha ebay Ute lea 
s4297 JnemmvatipA aolisat. 


Zon 


For each figure below give a fraction that tells what part is 


shaded. 


Likes 


(2) 


ZY 
YY YY 


(1) 


Ba 


(3) 


(5) 


(4) 


Name the mixed number that is represented by the shaded regions 


Ha 


below. 


(6) 


(7) 


Wy Wy 


= 


Give a fraction that tells what part of the set of figures is 
shaded. 


cans sO 

What fractional part O d 

is not shaded? f° 
- —— (9) 


What fractional part 


are squares? 


2 See) 


Place each fraction below on the number line to the right. 


i 
=- +H 
: (11) 


0 i 

2 

a +++ _ (12) 
0 1 2 

1 

= 4+—+- +++ +--+ -+--+-+-+ (13) 
0 it 2 

6 

5 + +--+ (14) 
0 1 2 

= p++ +t +t t+ SCO) 
0 il D 

- }—_—+4——_+—__+——++ (16) 
0 iL 2 


(17) 


| 


Zoe 


Z 7 7 


>_> ; 

(&).- evens -) 
£3 _ eaten — 
a ‘ i 


* 


Give a fraction name for the point circled on each number line 


below. 

+++) ee TS) 
0 1 

tt tt = ————. (19) 
0 i! 2 

sissaa{ G5 seat ects = ———— (20) 
0 1 Z 
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40 _ bans a ee Ss 
=a (21) ae (22) a= (23) sy (24) 
Change to improper fractions. 
2 | 3 
{rg = (25) si7 = (26) l2= = (27) 
Change to mixed numerals. 
Pail at ee i or 
= = (28) Sas (29) Se (30) 
Name any two fractions that are equivalent to each fraction 
below. 
12 22 _ s 
Br len= (32) 33 (33) = (34) 
1 
z= (35) = (36) 


LO 


iM 


ize 


MS 


14, 


Tsecnestirstetractionscreater than (>), less-than (<); or 


equal to (=) the second fraction for each pair? 


22 ive iN a 2 3 
70 OC 0 (37) z OJ z (38) ar O i7 (39) 
4 2 6 4 
5 Ea z (40) ee Gt Re (41) 
Find the sums. 
1 2a 5 4 od il 2 fly 2 
el oes Z ioe 1 Se 
is + i ae (45) of igh eer (46) 25 + Seer —— (47) 
2 ie ay | 
Find the differences. 
11 2 4 Zee 1 2 
ean ace oe Gh aG ha (51) rer gh oe Me 
3 eee 1 ie, 3 ie 
Srp a —— (53) Sa - lo = —— (54) top = ae = —— (55) 
Fincmecnesproducus:. 
2. 1s, ik La 1 - 
z x Se aciaae (56) me Pr Trae (57) 3a x 2 = —— (58) 
2 1 1 5 2 ie 
2z * a —— (59) oy Tein Pome (60) 25 x Se = —— (61) 
Find the quotients. 
ii . 1 as 1 ust = 3 = 1 = 
heh lee (62) = 5 = —— (63) Ee gg eee (64) 
Sr as | aeaecuee Dig we Lex 


iy es 
35 + ly = —— (68) 
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“a 


1 


+ 9% 
- a 
i ys O te 
iv - 
2 Sony tes 
a 
A os 
+ 
° 
= 
7 7 
‘ ‘ 
i 
+c 
“sy ~* 
vt 
«> j ~ 
. a 
hee 
J 
Z 
(> 
1 
* 
; 
. a. 
“~~ 
SI 


i 
‘ 


-eyoubotq ant Bis iA: ‘. 
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Grade Four 


Fraction Retention Test* 


*Figures in parentheses represent factor analysis equivalents. 


226 


Vo SOtecaClapictureswrite  agrractionathat tells what part is shaded. 


(8) 


aes @ellc Ze 
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soe GRO) 
= —— (12) 


: 


8.) De 


Soe) 


ctions to tell what part is shaded. 


NSS = a (IM 


WYSS 


Wr 


ae, 


mewn AOS 
mean O)) 


_Y 


O 


Ws 
Ld 


aa] 


SerwOi cquivalent. fractions. 


g denominator to get a 


3. Write the missin 


(22) 


G24 \eet2 5s) 


ih a aes ay == CA 
3 6 
ede awe a) oy (BOL) 


. Write two more fractions for each set below to get equivalent sets. 


a 


Write each fraction in lowest terms. 


3 4 
A.) 708 i fave Be = 
5 6 
De) oS oe E.) 7G 


. Write an improper fraction for the 


A \\ fe 


ii = SG 


Be) ‘Ss 5) igo) © oe (23 )% Tire (29) 
D.) a, — (32), — (33) 

= oss G ) 7 = —— 
= eee F ) iz = eee 


shaded part of each picture. 


SS GS 


NX een.) 
__W 


*Deleted from statistical analyses. 
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rsoe ioeieviup?d +38 hind aol o8% bee: 702 ci 


foes con, a 7 (a (ee osy ey a 
alien ae 

i | it singe on . } 

34) te Be - (.@: 1 (12) ~— Beis Bs Fab re ye 


" 


— ih <a # 
= a 

| 

te ; ——— 4 
ef 


ewisoig doxo Yo Saag Debeie 


Place an X on the point of the number line named by the fraction. 


= ME Be (36) 
= tentang aa Pas eee aT (37) 
. ears ane (38) 
2 +++ +} 4+ + —+ (39) 


Wreetesthes tnact.om name=tor each pointrcircled below. 


t+ +++ = —— (40) 


ttt tt = — (41) 


0 ah 
ptt = —— £(42) 
0 i 2 
ge ST) 
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Jee Whites the correct. sign: 


it 
A) = 
iba 
DI 


O 


e 
2 


us 


LOSS) Find ‘the sums. 


il 
A.) z 
Z 
Ca 3 
1 
Bs) z 


*Deleted from statistical analyses. 


oo| NS) fee 


wir 


Be) 


Be) 


De) 


Fay) 


aS NS) Ul w 


SIR 
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Zod 


Grade Six 


Fraction Retention Test* 


*Figures in parentheses represent factor analysis equivalents. 


+uX% 
nota sai 
ive 
fits 


4 : 
“jae 


ce) 


te) 


Give a fraction that tells what part of the region is shaded. 


= (1) 


Give a different fraction SS SSS SN 


for the shaded area. 


= (2) 


Give a fraction-that tells 


what part is not shaded. 


& (3) 


What fractional part of the figure below is shaded? 


= (4) 


What fractional part of the figure below 1s shaded? 


= (5) 


What fractional part of the figure below is shaded? 


= (6) 


hue 


- : s 


anisou7t saewinel: ® evid” oO 


elias sedt oalsper® 6 evid “(9 
bshute ror ab Saag tale, “See 


‘ 


use ot waded op OMY Re Beg Teaeeeeee tana 
b: - ' 


abuts =? wobsd eaved? att Qo taeg daselzaget sean {A 


timate Me 


\ | ‘7 
Sie ir see 
ar » ‘| 
Te _ ue : 7 - 


- 
Pre 
an ie 


— 


g. 


Zo5 


Name the mixed number that is represented by the shaded 


region below. 


(7) 


NV 
sll 


What fraction tells you how much of the circular area is 


shaded? 


(8) 


Give another fraction for 


the shaded area. 


(9) 


S 
Give a fraction, forsthey part 


of the circle that is not shaded. 


(10) 


id, 


ji 


ue 
i‘ 


AS 


_ 


Ws got @). Fee slonta ‘on? 2 
ie” 


4 lm @ 


he 
— — > =. 


Give a fraction that tells how much of the region is shaded. 


se ll) 


Give two fractions to tell what 


part is not shaded. 


= ———— (12) = —————- (13) 


Give two fractions to tell what part of each figure below 
TSeshaded, 


Vs” = ——— (14) 
HAS. 


GP amen (OES, 


2 sess (1165) 


= ———— (17) 
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Give a fraction that tells what part of the set of figures 


is shaded. 


a Ly 


What fraction part 


is not shaded? 


= ————. (19) 


What fractional part of 


Cheesecraressuuares . 


= —————. (20) 


A 
» 


ah 


Place each fraction below on the number line to the right. 


on TS) oS) oo| NI lw Ble 


Alu 


oe 
0 ik 


b+—++ +--+ +--+ +H (22) 


i 


pp ttt tt tt —-S—S—~—(2) 


250 


Give two fraction names for the point circled 


below. 


i ee) 
Gg ge ern see Lk 


on each number line 


4+—+—-€)}-4+—+ ++ = ———— (27) = (28) 
0 1 2 
ee C++ = ———— (29) = ———— (30) 
0 1 2 
tt = CS) = (CY) 
0 1 2 
a.) Name any two fractions that are equivalent to ae 
1 Lees 
z= 03) GF 34) 
b.) Name any two fractions that are equivalent to + ; 
Sztaed ee 
a2 5) 58) 
: : 15 
c.) Name any two fractions that are equivalent to 35° 


(38) 


236 


LOT 


237 


Give the lowest terms fraction for each fraction below. 


A) eS (39) b= (40) 
d.J yr (42) e.) G= (43) 


es — (41) 


Write each mixed numeral as an improper fraction. 


1 3 
a.) 2 = —— (44) b.) 125 

dj 2 
c.) Qe = —— (46) d.) 35 


Write each improper fraction as a mixed numeral 


2 es 36 
a) =F = —— (48) b) 
ST =. TS 
c.) 5, = —— (60) te) 


owen | GRY 


== 47) 


or whole number. 


am 1) 


pecmeenens | ACSA 


Ne 


ae 


13. 


Tetlewiethemthestirststraccion in cach pair is equivalent to, 


greater than, or less than the second. You may use the symbols 


S 3 > 3 < - 
1 l 4 5 3 2 
a) 7O x 2) Su) ae (Bg TEs) ch) =e Bes (64) 
44 22 
7 35 5 4 — =~ (57 
deel eG5ae) 4 Gl > (6) £.) 40 2 Ce) 
Hind thessums or differences for each problem. 
Se. 3 ibs f iki (ea Thed 
ae) Taos Gear (58) ae sch) = (59) 30. an 
4 Seu Lt San ER ABE 
Pema 108s Serra Tings EON Gah ioe a 
Find the sums or differences for each problem. 
1S eae he 5 Da oe 
a.) pM ea (64) we 8> = (65) ets (66) 
Ae ye Seer i es oe eles 
Doe Te AT ea (67) ee es (68) Ree aS (69) 


238 


(60) 


(63) 


14, 


TS: 


1G. 


as 


Find the sums. 


1 1 
b.) ig + oT Oct seamen (72) Mee 
Pande tnesari ferences. 
2 1 1 
Pandacne: products. 
Z Aas Crele 
a) g x 5) = (76) oF x 3 = (Hite) 
2 1 S ees 
bay) Ze x aa (79) 2= x aa (80) 
Find the quotients. 
Yo) eee Go) Se ee (83) 
Bee 5 
2 Lal é i Ae 
Dae) oz — ay = (85) 6 ° %3 oe (86) 


Zoo 


i 4 
TIME (20 Aa uma Se 
lege 
IZ = —— (73) 
1 
2 Oe See 
5 
7X35 (78) 
1 S 
Aaa Ae cot) 
i 6 
ziae (84) 
lease 
zt ape (87) 


as 
ot : 


ease ait bekt $1 


“ee Nee : 


eet 


* 
eo iteup oh 4 


240 


Grade Eight 


Fraction Retention Test* 


*Figures in parentheses represent factor analysis equivalents. 


Peay 
\Y 


\ 
NX 
\\ 


LN 
re 
\\ iS aie 


Give a fraction that tells what part of the set of figures is 


shaded. 


- (6) 


What fractional part 


is not shaded? 


= (7) 


What fractional part 
are; triangles? 


= (8) 


KK 


Placeseach traction below yon thegnumber Line ‘toethe right. 


2 

z +--+ (9) 
0 if 

2. +—+-+—++-+-—++ (10) 
0 1 2 

- t+ ttt tt tS s«é(1:11:) 
0 ih 2 

= +++ (12) 
0 if 2 

= ttt tt + SCC) 
0 1 2 

= +—+—_+—-+—_+ (14) 
0 1 2 

1 

= —+ —)S (15 

3 (15) 


242 


243 


Give a fraction name for the point circled on each number line 


below. 


u 
(aax 
— 
ON 
N= 


Sama (G8 


: 


| 


see TONS) 


Reduce to lowest terms. 


Change to improper fractions. 


1 5 
eS) 239 


4 
3 = —— (24) 10— = —— (25) 


Change to mixed numerals. 


75 —— (26) Be peeks (OHA 2) 


Name any two fractions that are equivalent to each fraction below. 


2 Se ce 
Fe = eee A Se (OS) ak ae a 


az = — (33) = — (34) 


10; 


Le 


123 


244 


Is the first fraction greater than (>), less than (<), or 


eda tom (=) sChesseccondmtracturon tor each pair? 


A= cl a ee 


1 iL 

7O x5 9) (Om poige cn) a Ts oS 2) 

5 2 5 ¥ | 

eee eleey (38) a OU a= (59) 

Find the sums. 

3 2 5 ees 1 oon 

FT + ao (40) Ts * FS aaa (41) z + gt om (42) 
1 2 ee yt 4 _ 1 oa 

Find the differences. 

7 2 3 Zi Ig Aiey 


3% 


14, 


Find the products. 


Find the quotients. 


Bow 
cigs — (57) 


245 


ipeties 1 * 

zX z= — (52) 3-x 2= — (53) 
el ib rab» 

Ss xX Gz — (55) 2 X Te = —— (56) 
2 tee i 

aa OS ee ee (59) 
cept ey ses, Salle es 

27 be = ——— (61) 3% le= —— (62) 


yea wf & a ee = 


APPENDIX B 


Item Difficulty Correlation Correlation Reliability 


vy C) SS) O Ch & CG R® 


ee ee OE NNN Ne eee ee 
Ree ee I PO NO Ooh a Os ie GS. a Kc 


STA! 
62 
Di 
S26 
mS 
al 
OU 
<1 
. 50 
. 80 
.62 
205 
48 
ste 
nol 
109 


TABLE 60. ITEM ANALYSIS FOR TBMC GRADE FOUR 


LM. ee 


Biserial 


id 
BOS: 
Od 
43 
46 
. 66 
uc 
Od 
oid? 
Sas: 
ay; 
47 
. 60 
tobe) 
ene 
720 
04 
BS 
eh, 
OS 
54 
a0 
245 
9 LL 
ON, 
43 
21S 


Corrected 
Biserial 


a 
S10 
. 36 
she 
.30 
43 
43 
49 
02 
ae 
01 
31 
44 
.49 
42 
42 
.38 
39 
mS 
452 
.19 
20 
£35 
02 
09 
.28 
£35 


409 
Aid 
vod 
14 
ely 
AY 
5 AY) 
ol 
. 06 
. 08 
nO7 
Aly 
24 
wee 
5 OM! 
20 
“lal 
aed 
709 
7L0 
eeu 
08 
207, 
SOS 
nOS 
14 
Oe 


Discriminating 
Power 


eis 
26 
-49 
41 
41 
ey 
noe 
204 
oa) 
oa 
pe, 
~49 
. 60 
361 
ao 7 
Ke) 
Or 
. 64 
noe 
oA) 
0 
SAE 
5 Ala 
. 08 
all Re 
210) 
ee O 


(Cont 'd) 


247 


TABLE 60 (Cont'd) 


Corrected 
Biserial Biserial Discriminating 

Item Difficulty Correlation Correlation Reliability Power 
28 oR age FOS 08 Pye 
29 52 nig ee .28 FOS -.20 
30 P59 ese ee 20 E56 

n = 109 S? = 14,95 KR-20 = .61 

Noe ese Seo Or Sole = 2.40 


248 


Item Difficulty Correlation Correlation Reliability 


(OD CO ONG Cl CA Om 


eee ee ee OP NPN Ne a a pe es 
mee Oe TOO OF OA gk th SS Ga te 


710 
. 86 
67 
47 
ee 
. 68 
ROG 
. 80 
-41 
. 88 
Bee) 
5/3is 
eO7, 
2O0 
88 
. 80 
aya 
. 80 
sols! 
woe 
64 
43 
Ave) 
245 
74 
47 
42 


TABLE 61. ITEM ANALYSIS FOR TBMC GRADE SIX 


cinerea ee ee eee 


Biserial 


ses) 
ey 
. 38 
se) 
sake 
el) 
ao2 
42 
08 
43 
29 
204 
cee) 
47 
se) 
0. 
42 
ROS 
5S 
~49 
~49 
woe 
242 
ore) 
209 
44 
we 


Corrected 
Biserial 


24 
-40 
24 
54 
43 
oO 
5 Si 
548) 
Ou 
Od 
~45 
-41 
24 
34 
41 
el 
azo 
.90 
-41 
0 
5 OS) 
5 oie) 
120 
os 
20S 
aoe 
Bil 


ue 
qa 
14 
SIRS 
25 
ANS! 
ie! 
az 
0S 
OG 
ASS 
Piz 
14 
sah 
eel 
3) 
aio 
ais) 
SCAM 
14 
BAS) 
wok 
pd 5 
o20 
705 
sat 
nL 


Discriminating 
Power 


20 
24 
noo 
so 
Sev 
245 
43 
AS: 
. 04 
le, 
0 
24 
200 
34 
woe 
~49 
220 
44 
720 
700 
245 
ote 
34 
.96 
~05 
~49 
Cae) 


(Cont'd) 


249 


250 


TABLE 61 (Cont'd) 


Corrected 
Biserial Biserial Discriminating 

Item Difficulty Correlation Correlation Reliability Power 
28 44 229 .14 Le APRs 
29 47 .09 .06 . 04 .08 
30 54 ei!) So0 ERY 44 

Teo Cae aLS. 50 KR=20n2." 3:70 

Neel 8 5)7 Sees) S.E = DIE 


a le 


Item Difficulty Correlation Correlation Reliability 


ee ee ik ee SS eee en 


. 86 
. 84 
74 
nels 
G2 
. 80 
Se) 
Sie 
aay 
. 88 
-/0 
205 
Sen! 
awe! 
Sele 
AI 
yen) 
Seal 
oe! 
55 
209 
ay 
5 
302 
aes: 
owiel 
sale) 


O© Onn D&M BP WH NH HE 


eee NNN to a ee ee 
moe ONIN FO tO Co LS OG a ts RS eS 


TABLE 62. ITEM ANALYSIS FOR TBMC GRADE EIGHE 


Biserial 


.50 
soe 
41 
-41 
fod 
2 
or 
700) 
24 
sie) 
Heertl 
moe 
on 
SHY) 
. 64 
61 
ays) 
seal 
sou 
. 66 
Boo 
43 
. 68 
sO2 
a ole 
0, 
AS) 


Corrected 
Biserial 


ats: 
uo 
ya 
Soy! 
242 
AS) 
OS 
sou 
aa ae, 
SPATE 
24 
SPR 
5 OE! 
. 60 
ote 
ell 
- 48 
Os 
24 
5 
ee 
ae) 
oS 
.49 
a0 
ree 
lS 


ek 
08 
51) 
~L6 
eek 
mS 
18 
Ab) 
al lt) 
08 
51S 
. 06 
14 
209 
mee 
309 
opel 
uz 
14 
a0 
20 
Sag 
DP) 
24 
ALI 
5745) 
eeu 


Discriminating 
Power 


a2 
7 LO 
Oe 
og 
0 
-40 
48 
~42 
24 
Apel 
At 
GALS 
40 
216 
a) 
a lite) 
pal 
ae 
Sexe 
heyy 
64 
47 
.67 
300 
eo 
sot 
LEE 


(Cont'd) 
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TABLE 62 (Cont'd) 


Corrected 
Biserial Biserial Discriminating 
Item Difficulty Correlation Correlation Reliability Power 
ee ete oe ee ee en, Ie «ees A eo, 
28 . 60 .28 m4 ele e238 
29 Ae) AS .29 Le aa 
30 .69 .69 .56 aoe! sie 


PE 
a" 
as 
OV 
C9) 
ie 
I 
NO 
j=) 
i) 
Lye) 
Aw 
e 
N 
(= 
i 
— 
ON 


252 


4 
if 
C%&D. BT 
a 


a 


1G. 
7 ) 
0 bi u 


ee a 
7 — = - 
od a >" 
7 —- 7 
Je) _ 
- --? 


as ee 


Item Difficulty Correlation Correlation Reliability 


ie ey SS) ON OOS ONS 


Pape SS ON NN Ne Be EH oe ee oe pe ye 
Som CT ON TE tO 05 Sh ON ne 


TABLE 63. 


eoZ 
Oe 
Ae 
Bey 
88 
74 
94 
oe 
. 84 
So 
SNS 
- 46 
Oe 
-47 
Sei) 
~42 
205 
58) 
Ao) 
av as) 
nD 
oieks 
oll 
5s) 
. 88 
os 
Se) 
te 
pie, 


ITEM ANALYSIS FOR FRACTION ACHIEVEMENT TEST GRADE FOUR 


Biserial 


aon 
oon 
eat 
a8 
ete 
aah 
1202 
aieke) 
AU 
- 88 
ae?! 
a 
204 
mi 
AIS) 
. 86 
nal) 
AROS: 
ately) 
st) 
~O7 
5S 
. 84 
Oo 
Oo 
he 
mod 
als) 
74 


Corrected 
Biserial 


sa 
“oO 
= Ws) 
fd 
. 66 
20 
. 96 
mS 
OS) 
or 
nS 
. 66 
47 
~49 
. 86 
a0 
Fah 
ow 
On 
wo 
502 
Se 
78 
6 1S 
fei 
. 66 
Ta, 
.60 
lei! 


Lo 
oo 
O05 
750 
14 
«09 
RES) 
. 08 
sly 
eS) 
HOO 
aed 
14 
A483 
ao 
54 
200 
508) 
wg 
por 
08 
.06 
14 
(Os) 
14 
iO 
OS 
oS 
14 


Discriminating 
Power 


AKG) 
299 
.14 
gM 
5h 
24 
5 AS) 
Ali) 
44 
Bs 
86 
5 AS 
54 
205 
cls 
. 86 
SS 
“02 
. 86 
. 80 
ae 
> Es) 
OU 
ae 
34 
aS 
Ah) 
=20 
Boke) 


(Cont'd) 


2oS 


yore i ; pe 


gutreneeivoanws ai seria 
9864 usiiidetish «itaiesto) colt 


i.) ee ES fore om, Bey 


— cm eit i - Td a 
a 
= x > 
' ci. fe. te. - ; Se. ; 
- A 
O€,. 


TABLET 6S (Cont? d) 


Biserial 


Corrected 
Biserial 


Discriminating 


Item Difficulty Correlation Correlation Reliability 


SS ee a a SE ee ee ee 


30 
31 
Be 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 


88 fis 69 15 30 
86 64 “57 il: 30 
64 60 53 22 60 
63 .61 53 5 64 
26 64 56 “PA £53 
225 Gy, 60 Pal 53 
. 80 70 63 20 44 
21 48 41 14 26 
56 54 46 21 50 
06 we ie 09 26 
<52 .57 .49 P85 55 
045 ‘71 64 £28 76 
08 76 70) 2 30 
08 .79 75 “ly 30 
109 S* = 67.52 KR-20 = 792 

27 333 Siaa Sere = Ds 9u 


al 


Power 


254 


Fe 

nat 

no 

pot 
q 

ak 
qa 


ee - % 
-  , al s P| Jd 
7 = 


am 
- 
: 
2 
ei am 
- 
¢ 


ry ‘ ees 
-— * 7 as = ij 
ar’ = . ] at’ . ” y > a «+ : f ‘ 7 u 
. 5 = , Pd ; ¢ * 
“% - 
- wy “it 
J 
. s 
y 
z if ‘ ' 
° ’ ‘s e 
; , . +) 
ae | 


// if 


a 


Zao 


TABLE 64. ITEM ANALYSIS FOR FRACTION ACHIEVEMENT TEST GRADE SIX 


er a ec 


Corrected 
Biserial Biserial Discriminating 
Item Difficulty Correlation Correlation Reliability Power 
1 -o2 «20 nh AO 7 U5 Ai 
2 ae oh See mie Ape 
3 Aras ou 47 meg 25 
4 AIS oe 5 5 fai onl 
S . 88 Brak 48 Bin! ~20 
6 ok ay) 204 oO o25 
Z. . 88 46 43 .09 20 
8 oS ~o4 =U tel oe 
S RO roe 9 Ly, 41 
10 aL ~O2 799 ah BRIS 
al 20 .54 .50 el, Ail 
eZ 44 ae woul ee oo5 
ES whe ey Asie! 28 48 
14 P26 . 66 Ae vee nO 
it ot aehe .80 ata "20 
16 pol . 84 . 80 od. aol 
ie eels Oe ee) AAi 550) 
18 sie . 88 oS acl 44 
19 .80 ~85 po 24 oO 
20 Ae) sete Toe ao “30 
21 ou, 74 TA 70 5M 
OD) ao noo oe .14 eae 
Zs As) Bort 48 sl aS 
24 oe sels aoe 14 21 
25 . 80 S06 mie w2Z 46 
26 agers) 202 5 Aas . 38 
Zi . 68 205 2 Ol Ae: 08 
28 Aisi . 86 ste sr) .44 
29 IAS) BOS ~59 wLS 54 


(Cont'd) 


TABLE 64 (Cont'd) 


Item Difficulty Correlation Correlation Reliabiligy 


a a a nel ce 


30 
31 
32 
33 
34 
35 
36 
on 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 


= Gn 
S09 
“312, 
ley 
- 66 
. 66 
64 
ayes, 
45 
64 
43 
298 
~ 54 
Saye: 
nor 
ai 
ANS 
Aree) 
90 
mol 
pre ee) 
onc 
204 
-47 
ol 
262 
Sars 
64 
720 


Biserial 


74 
As: 
Als 
SSG 
74 
. 86 
ok 
46 
3 O7 
eee) 
45 
. 60 
. 60 
aS 
.60 
aieyl 
AUK) 
Be 
125 
41 
Ais 
BAS) 
Refi 
66 
Bey 
16 
spay 
IES) 
Oe 


Corrected 
Biserial 


70 
Are) 
“188 
AES. 
seh) 
Oe 
efi 
42 
00 
qs 
41 
NS) 
wo 
BCS 
350 
ed 
. 06 
BEY) 
sou 
on 
oae) 
24 
RES 
he 
AS 
lz 
5 SV 
Ao 
201 


Discriminating 
Power 


a reenter lc rae” 
oe 


Oo 
220 
- 50 
Son 
ae 
7) 
wee 
AAS 
14 
18 
24 
ore 2 
. 26 
5S) 
yank 
Cu 
06 
#10 
Oe 
aOn 
a He) 
oA 
0 
a0 
. 06 
ae 
. 50 


2 


245 
Ate 
64 
ey! 
ces) 
oe 
aa 
a 
ley! 
Bele 
48 
. 66 
- 66 
whl 
61 
48 
0% 
ailal 
. 20 
Bei 
-20 
220 
OU 
ae 
ot 
oe BS 
OU 
74 


205 
(Cont'd) 


256 


Zou. 


TABLE 64 (Cont'd) 


Corrected 
Biserial Biserial Discriminating 
Item Difficulty Correlation Correlation Reliability Power . 
a OTe 
59 700 -o1 eo" =16 . 50 
60 07) .OW . 84 19 aes) 
61 RIA HOE .61 U) . 46 
62 50/5 “OS sae Aaa eet 
63 aA 70 ar Aas .61 
> 64 oS . 87 . 84 ab perl 
65 . 88 Jon 247 10 pelt 
66 05 .94 chil efl2 oO 
67 a5 1.02 229 14 a5 
68 Lips) o8 ttt 7S wou 
69 SS 20S oo 20) 242 
70 eS 49 245 ALE 40 
71 ou Soe {55 ails) BENS 
Ue Alsi . 84 .80 720 44 
73 ae . 76 13 2 48 
74 Oe 0 iz 29 SAY) 
TS .64 oor, noo oe moe 
76 og . 86 202 50 lla 
77 RAZ 94 200 od HAL 
78 nO AO wel 29 . 68 
79 05 wo4 woU . 09 opel, 
80 .80 258 £54 onal ee 
81 Risp AS! OU) 5 v5 
82 234 . 60 .96 sree aye 
83 a6 .61 on, 5S) 48 
lay Saae? 2oe 1 KR-20 = .95 
X = 58.96 See) © S.E = 3.41 


baroests.! 7 
roe 1 Eaieoeil intyeeda - 
¥35 ‘ iehet Lou RhotiIalorcc. aod Jalerro % 


——————— es nee ee 


ie. 


TABLE 65. 


= 


Item Difficulty Correlation Correlation Reliability 


LO COME ON Cat Ca hon 


ae EN SO NNN Ne Be ee we Be oe me Be 
eo SP NN Om em So nk US 


e99 
s02 
e935 
64 
290 
. 84 
. 84 
ao0 
wel 
64 
no5 
290 
94 
94 


ITEM ANALYSIS FOR FRACTION ACHIEVEMENT TEST GRADE EIGHT 


Biserial 


aod 
7A0 
44 
Sei// 
ea 
. 64 
.70 
one 
. 80 
ol 
Etsy) 
e/0 
204 
. 94 
oS 
SOO 
sO9 
«32 
82 
41 
heyy! 
Bee 
al 
. 76 
. 66 
. 86 
<a 
S09 
500 


Corrected 
Biserial 


94 
“05 
~40 
Ay! 
woe 
are) 
505 
Pics 
aS 
wee 
ae: 
265 
. 950 
a90 
pol 
65 
255 
7.6 
27/8 
56 
62 
.94 
. 66 
oe 
.60 
sou 
O5 
94 
~85 


aU 
Beat) 
. 06 
a5 
«07 
#0 
ales 
Fok 
neo 
#29 
g2 
Eg We 
207 
oat 
SAK 
. 08 
aiZ 
#16 
16 
14 
24 
14 
ale 
16 
aed 
end t) 
08 
uo 
~ 24 


Discriminating 
Power 


205 
3A0 
aS 
ane 
Bras 
foG 
20 
*30 
2 OA 
oth 
BAS, 
ed 
wud 
aei5 
Deo 
76 
od 
34 
BEXS 
eo9 
{Be 
eal 
#260 
RE) 
47 
SD 
del 
42 
~49 


(Cont'd) 


258 


TABLE 65 (Cont'd) 


Item Difficulty Correlation Correlation Reliability 


30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 


Os 
~05 
500 
~oe 
ee 
5 Go 
- 80 
ae 
o35 
. 68 
705 
86 
et/el 
. 66 
ey 
eles 
A 
. 80 
Skokie 
mou 
ole) 
e005 
74 
nO 5 
nog 
. 84 
Sel 
s 
sek) 


Biserial 


205 
47 
24 
~65 
SES 
.60 
ole, 
es 
oe 
- Ol 
Or, 
3.0 
ATS 
LS 
64 
43 
5 Te 
254 
720 
14 
Oo 
Bes: 
SO 
230 
48 
61 
io 
41 
. 88 


Corrected 
Biserial 


Ae, 
41 
ibe 
. 60 
ais! 
on 
SI 
gos 
94 
aS 
ders 
52 
207 
“10 
20 
SSS) 
mi 
48 
Sree 
709 
Be) 
88 
ai 
Sl 
43 
5d) 
OS 
Soul 
S00 


24 
es} 
700 
aly 
oa 
wo) 
woe 
es 
08 
aie 
Site 
ad BU 
725 
RS 
24 
stele! 
24 
Ses 
. 06 
. 04 
OU 
24 
5 At 
207 
AN 
IES 
she) 
04 
AM 


Discriminating 
Power 


Me 
42 
3 dal 
44 
64 
<2 
49 
. 60 
ANS 
49 
Soul 
5OMe) 
oy 
nye 
sey 
eft 
nO 
5} 
oS) 
AES 
.69 
Seal 
00 
5 ANS 
750 
SE) 
sill 
.10 
5 P48) 


(Cont'd) 


259 


TABLESOoe (Cont'd) 


Biserial 


Corrected 
Biserial 


Discriminating 


Item Difficulty Correlation Correlation Reliability 


SL ss st Ss si np sss 


Power 


59 86 259 .54 mi 25 
60 87 81 76 ail 38 
61 80 2 Aa met 56 
62 .85 hy 167 mie, 39 
63 sch 253 .49 mit hl 
64 B70 66 60 "25 259 
65 aK) 66 61 iy, 38 
66 751 62 56 25 68 
67 .92 285 81 aS 26 
68 74 65 60 na 52 

se als S* = 125.88 KRe20s=me 4 

X = 54.79 Se Wil ee Sie Seon sd 


“meas 


260 


; a vig | 
Le toa ttc et ie oi We 7 
. . isiverts teftenld «4h 

‘ (sttidelie® nebdaters rol} LEROY oe 


— ee - LLLP ALLL LLL I = a 
, i 


we 
Se, | Ao 


aS 


261 


TABLE 66, ITEM ANALYSIS FOR FRACTION RETENTION TEST GRADE FOUR 


Tv 


Corrected 
Biserial Biserial Discriminating 
Item Difficulty Correlation Correlation Reliability Power 
FS ea nt = eer 5 ora nl, nd 
1 Arse) Sil 102 .07 14 
2 64 .83 SES) Sel aS 
5 64 .86 a9 staid wae 
4 64 we nei BS) . 68 
5 Sri6 st/D sleKe) aes 43 
6 ay) Rs) 49 .16 woo 
vi .88 oo ace Zils} 0 
8 dis 88 aol silts) eS) 
G noe Aoi ees a5 i 
10 oS) . 88 81 . 34 oO 2 
Ti «o eho Asif OU 79 
Ww aoe . 88 Ol AES eke) 
165 . 88 . 88 aoe .18 say) 
14 61 roZ BAe sO SoZ 
15 74 48 41 0 oo 
16 yen sie ASK 588) . 68 
My Pole) sD ee AT Amie 
18 Ag ay .86 cei) oe noo 
19 045 AAS ays! Ae! . 86 
20 Boe) eo 74 veil st) 
21 oS ols) whe . 08 14 
22 et! Lo sds LO rail 
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TABLE 67. ITEM ANALYSIS FOR FRACTION RETENTION TEST GRADE SIX 


eg 


Corrected 
Biserial Biserial Discriminating 
Item Difficulty Correlation Correlation Reliability Power 
ee 
1 Boke 700 .47 07 o1L4 
2 592 20 ely 505 nC3 
3 64 oS OU yd et pes, 
4 AAS 209 .60 £20 ae) 
5 pon 74 / 41 212 aA 
6 ,01 .48 245 . 08 Ly 
7 .89 49 46 .09 aie) 
8 5) . 68 565 sel bf 730 
9 .60 .64 261 225 -o1 
10 295 Sek 256 . 06 .14 
11 .64 81 77 HOC 273 
12 2 30 whe . 68 225 w/e 
13 34 Pe: . 69 226 m/s 
14 259 . 60 790 ie) .64 
TS 41 64 261 25 69 
16 .47 203 -59 $25 e607 
Ly 290 796 #93 ws 205 
18 #95 . 84 s8t 08 os 
19 oo +83 . 80 oS) 750 
20 Fa . 86 700 226 .64 
ad 02 74 2/0 #25 yaks) 
ae Ais: ePo ad 25 58) 
23 .88 . 88 ~85 oe 242 
24 no e010 .80 al3 e238 
25 . 84 SEE 74 o19 242 
26 94 1.08 1405 el3 woe 
Zh ahs xO% 363 e22 TOU 
28 81 es eo 325 255 
29 She .64 .61 NAP 325 


(Cont'd) 


aire ome emer cerca, a © 


petooty sc) 
farisce> '4 


isite® s@ideferroo 


= a mn 


ee 


festegle® a 
moi telertroo ain gisele 


- 


mee * 
ee. 

$e, 

ta. ° 
att 


ie. 


TABLE 67 (Cont'd) 


Item Difficulty Correlation Correlation Reliability 


30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 


oth 
oo 
oi 
46 
ao 
64 
~035 
64 
68 
- 80 
2 AXS) 
sho 
245 
Aes) 
750 
89 
soe 
go2 
- 96 
aco 
300 
sold 
200 
SES) 
- 88 
294 
-40 
5) 
BoD 


Biserial 


ai, 
soe 
OZ 
-69 
. 68 
ath 
87 
oy! 
85 
64 
SS 
so 
204 
05 
-60 
eye) 
ae 
APS 
28 
Ae al 
el 
te 
se) 
OS: 
oid 
oul 
67 
74 
. 66 


Corrected 
Biserial 


a 
Od 
78 
“00 
64 
Ge) 
305 
. 84 
- $1 
. 60 
SE 
nD 
JU 
foul 
- 66 
210 
ater) 
ao 
420 
a09 
48 
49 
47 
Be, 
34 
. 68 
- 63 
sy) 
202 


wa 
24 
aS 
Beets 
won 
Cee 
oa 
50 
. 50 
-18 
740 
ai5 
orl 
24 
wee 
aah 
a02 
thy) 
205 
aUiL 
09 
oul 
Rae) 
POR 
08 
OS, 
BAS 
720 
“25 


Discriminating 
Power 


£50 
58 
56 
“75 
375 
.89 
.89 
92 
.78 
44 
61 
£31 
£53 
.67 
£58 
31 


.69 


(Cont'd) 


264 


icti{sh 


i eee 


roe 


4 
= 


a 


a 


"a 


a) | Fa. 
Go a 

Pa te leeerd 

io) sokeealerec? lvoraia 


a EE ce GE 


7 Pa 
isto cert 
ee eae 


oe gael 
Pt 


oo 


1 
_ 


° 
™ 


pb 


> 


a 


TABLE 67 (Cont'd) 


Item Difficulty Correlation Correlation Reliability 


59 
60 
61 
62 
63 

64 
65 
66 
67 
68 
69 
70 
val 
72 
3 
74 
75 
76 
al 
78 
79 
80 
81 
82 
83 
84 
85 


41 
42 
. 84 
88 
es) 
22 
SUS 
eS 
OZ 
aoe 
. 88 
ead) 
. 68 
64 
. 80 
eS 
fhe) 
oe) 
Oe 
. 68 
eel 
200 
oie 
295 
adhe 
245 
. 80 


Biserial 


~02 
Ae: 
so0 
-So 
. 84 
iho 
.S1 
oe. 
shal 
coe 
woe 
. 80 
eat 
aoc 
ate) 
Ley 
84 
. 88 
78 
poo 
anh) 
2OL 
STEM 
ere! 
203 
~20 
nOS 


Corrected 
Biserial 


se 
oe 
. 86 
Oe 
- 80 
Sie 
ARS: 
. 68 
68 
avis 
IK: 
ATF 
Sak 
48 
Slee, 
5K) 
. 80 
Ste 
no 
eis) 
. 86 
melt 
68 
528) 
oe 
.66 
500 


24 
BOE 
A 
aby 
24 
. 20 
24 
a) 
Salta 
ES) 
5 1Me) 
SE 
wee 
ah) 
Pal 
~20 
ac4 
ol 
20) 
528) 
eo 
< oil 
24 
5S 
.20 
226 
Bits) 


Discriminating 
Power 


SO 
OL 
47 
o0 
5S 
~42 
98 
<I) 
ae! 
28 
0 
.56 
stow 
47 
47 
44 
oo 
ac 
348 
. 86 
78 
00 
220 
Ame) 
OU) 
SL 
Se) 


(Cont'd) 


265 


a . 7 
i ut 7 Pole 
Li re «ieee 
7 s t 
a ” i * _ @ 
-& tro) \@ 
21 


TABLESO7 {(Contid) 


Item 


86 
87 


Disc cubey 
a5 0 
64 
No=e57 
X = 62.33 


Biserial 


Correlation 


. 64 
psi 


s2 


Corrected 
Biserial 


Correlation “Reliability 


. 60 
48 


296.83 


AE pea 


<9 
aie 


Discriminating 
Power 
.64 
47 
KR-20 = .96 


266 


be taerrs) ie 
felix: ie Ent tay 
voll héeifet s6i@eier) mitered » sete 


ana 


ih 


s.eet = *é {ths #8 
“ P Ss 4 


i a 2 : 22.58 re oe 


267 


TABLE 68. ITEM ANALYSIS FOR FRACTION RETENTION TEST GRADE EIGHT 


SSS 


Corrected 
Biserial Biserial Discriminating 
Item Difficulty Correlation Correlation Reliability Power 
ee ie ne EE al Ee gig 
iii 1.00 0.0 0.0 0.0 0.0 
Z . 80 . 66 209 ee s4o 
3 eps ae 220 - 07 ale 
4 . 96 eke, p45 703 elt 
5 . 94 foo ~29 .04 o16 
6 74 75 . 68 <34 . 66 
7 ~o2 7oo soe BRS 220 
8 Ags me 5 225 Oo 
9 . 94 “Do 49 0 aLo 
10 82 ois . 68 meal! .47 
1G 90 89 Soe -16 <ou 
12 <5 WZ ~ OY LOW eal’ 
HS .94 45 ey . 06 Pa Or: 
14 Ape)! 69 .64 05 . 06 
ES » 90 65 Biche: vt ait 
16 sod 60 00 ame) APE 
17 . 88 60 <O0 A AS) 
18 . 86 58 52 oS 24 
19 -49 229 wee eee 47 
20 . 84 . 66 oe) a6 42 
21 AS 49 41 Ale Pou 
22 ool 38 oh . 06 .08 
Zo «95 48 43 205 . 06 
24 292 67 .60 0 218 
25 . 80 on 0 iG ol) 
26 95 ik 15)" 1,02 sel aLS 
27. . 86 70 .64 bo ~29 
28 oF. 1a 105 . 08 -Us 
29 93 65 209 209 a ike) 


(Cont'd) 


449 SYMASD TAYT ROUTRRAR MOTTOART SOT SUT 


ee 
bafoerrc? 2 

fryer ia rebveetd 7 7" 
igkles @aisaletwo) colsatoree @ingrs 


=. a 
= 


-_ 


0,0 


TABLE 68 (Cont'd) 


Corrected 
Biserial Biserial 
Item Difficulty Correlation Correlation Reliability 
a 
30 .78 nS . 66 
Si aor #0 .64 
a2 5 TAS ey 245 
58 ao JU 24 
34 . 88 oS .29 
55 teal: roo 48 
36 a7, £50 42 
ue . 80 . 66 a 
38 . 66 shoul 2904 
39 «97 Fog Aste 
40 mid goal 44 
41 .90 54 48 
42 ee mo, Ses) 
43 x2 64 vo 
44 . 66 sey soe) 
45 292 PO 205 
46 . 88 - 06 .49 
47 J Ore 48 41 
48 209 28 .24 
49 . 86 AVS . 68 
50 oo 200 .60 
zal slo “10 . 68 
52 84 . 88 Aleit 
53 67 a2 .64 
54 .90 7o5 7/9 
Da ae w/e -07 
56 797 poe 10 
57, sls .63 0 
58 oie? SIS .89 


a1) 
5s) 
SIS) 
Sith) 
SLs 
(ORY) 
ee 
wee 
eo 
.00 
5 Abd! 
ols 
eOL 
aL, 
U9 
229) 
A 
220 
35 2S) 
AOS 
. 06 
. 06 
14 


Discriminating 
Power 


a care le eto hemi ec ance 
aoe 


oS 
316 
~05 
#07 
dls 


26 
e209 
-40 
.09 
oS 
cys 
oS 
200 
sen! 
ait! 
48 
.16 
58) 
sol 
o4 
=~ 02 
5 ABS) 
94 
205 
42 
24 
TES) 
sel 
ae, 
20 
08 
sal 
08 
20 


(Cont'd) 


268 


LS am | an 


betaertou | ao 
.o Pes is iatsee ra ie 
tridetie® mebtelestoo? | nelzaketted. a8 


— — a 


as ee Bhi) ee 
25. a) ora * Ce 


> 


269 


TABLE 68 (Cont'd) 


Corrected 
Biserial Biserial Discriminating 
icem Difficulty) Correlation Correlation Reliability Power 
59 96 91 89 LO LG 
60 .95 .90 . 84 LO alte 
61 91 eon e716 ng “Pal 
eee a 88 83 Sal. 5 JES) 54 
63 sy 29 sal 210 oS 


*Deleted from factor analysis. 


n= 146 S* = 65.09 KR-20 .90 


| 
M 
iw) 


53.40 59], 66.07 ocr ey 


( _— 
O 
ah >< 
Lend 
Qa 
a t = 
ao ~ + > lu 
(at 
a on ’ Qa. 
ins : =< 
. ut 
fi : 
f a P 
i 
= =v 
L 3 P 
ah 
” oan ss, : - : _ z oil 
hon _- <4 a ae tines : 
7 ry? rca Py ' Livi 7 [ ; - : er vey - - aa averted > 
me Wh ~~ | , Pare | “BOs wa a all Md 


_— 


fi 


~~ 
~~ 


. 
) RIGMIGAA 


Zieh 


(Pp, 3u0D) 
9S° SG 
cs *8o° x6¢° VC 
Se *8L° Se 
v9° ¥8¢° +00 ° oe CE 
9S° 9v° CVa ee, 
69° ¥8Z° 07 
om 89° 61 
Of x9L° SI 
9S° *€9° iil 
Se *99° OT 
GSe x97 * ¥80° ST 
ESi *19° vi 
6S° oe oT 
Sy ey bys GE 
69° jos” IT 
8S° cS° OT 
79° 6 
8v° vS~ 8 
09° #55” ¥G Ve ¥8E° ib 
09° *87° 9 
9S° +69° S 
LZ x19° v 
65 5 +VL° £ 
6° x9S° GC 
8S° OLA ii 
2u OT 6 8 ii 9 S v Me C T SUSI 
SOTIT 
-[ eunwwoy LOVOCA 


unosA Javud (NOILATOS YOLOVA NAL) OWAL dO SISATVNV YOLOVA TVdIONIUd °69 ATAVL 


= Jah) — ag. a. 
ee ae. 
7 = oe : 


i 


7 ee 


= 


e 


m 
v 


rT oS 

é 4 ‘ 
‘ 

: 


i 


e 


Aes OM « 
he ou te Oe ee 
ma Pt 


~~ 
_ 


2 4.4 


272 


S$3so}qns UO popn{tosUT sue], 
%O0L°8S TOF poj.UNOI.e 9dUeTIVA [PIO], 
Ome SOTITTeUNWWOS Jo wNS 


Geek Silees Vout V8 vs°6 L£8°6 L2°OL 96°00 © SV CI SSNGOR Ve UT 
UOWWOD) % 


S9°P 62° 68° v6 °P SPS S265 £029 v9 Tee L£e°8 99UBTIBA 


TeIOL % 
ae O¢ 
Ose 62 
oos CL 82 
Se Le 
Va soy tSa XE 
zu OT 6 8 L 2 a Vv ¢ Cc T Sus} 

SOTYL 
-[Teunumu0) L048 


(p,2u0D) 69 FTAVL 


fi 


/f 


—_ _ 
A innate 
a 


*» 
& 
pee essen mem 


21s 


(p,2u0D) 
99° T9° Sic 
boy %99° VC 
19° oC 
Oke x62 ° GC 
LSe om hig 
79° ee lh 02 
T9° *99° 61 
v9° *VL° ST 
8S° ~OL. EAE 
Boe ¥8S° oT 
19° x6¢° x8S° ST 
9° x9L° vi 
Suk wee ete 
OSs ¥89° al 
9S° GS Tal: 
Goe 9° OT 
VSe 6 
Coe 6S° 8 
79° #9 ° xV9° is 
S9° ¥£9° x00D° 9 
jas *LV~ xoV° S 
LV ¥LV~ v 
6S° *09° u 
60° *87° C 
09° * 1S” xfD° IT 
zu OL 6 8 L 9 5 v c C T suo] 
SOTIT 
-Teunuwuo’) BLO 222d 
XIS daqvud (NOILNIOS YOLOVA NAL) OWAL JO SISATVNV UOLOVA TVWdIONINd “°OZL ATIEVL 


F 


F 


4! 


= 


: =< 
a, 1 —— aetna 
7 7 
bs - - ——- 


274 


S$3so}qns UO popntoUT sud, 


%Gp°LS LOF pdzUNODIIe SdUeTIVA [IO] 


8S °SI SOTIITeuNWWOD FO wNS 

T9°8 cl°8 06°8 S0°6 EEG ve-OT “4S°OT OL OL (CY LL Soec tee oUer res 

uoWIOD) % 

6° TOS tees Oss Gv 68°S Ame.) SE) 9S°9 OGaL gouUeTIPA 

TeIOL % 
19° 69° O¢ 
OLe iby 62 
LS g9° 87 
ie) 08° LG 
om 08° OC 

zu OT 6 8 ib 9 S v ¢ c T Sw] 

SOT RT 
-[Teunwwo) Sere 


(p,.2u0D) OL ATAVL 


a9 
La 
7 rs ' 
os . 
Po. 
— 


if 


> — = 
a ae a ee eee 
- — 
es 
4 
s los 
* an” 
— _ 
r¢ 
of 
€) « 
/ 
* 
— 
al 
* 


a 


275 


(p,3u0D) 
ES= Loe Se 
ESs *CV° VC 
Sco wLS | LC 
Ve +IV° CC 
6S° ¥9¢° #95" Le 
C9: ¥V9° *VS° 02 
0S~ acne 61 
Soe +1I8° ST 
9S° ¥99° LT 
cs° ¥89° oT 
Oc * oe ST 
09° *GL° vi 
cS oom Siam ah 
cu *LV° vs° cl 
GS" 99° ie 
Coe 89° OT 
19° Via 6 
g$9° £95 8 
69° x69° L 
Cas LV 65° 9 
Cla zoe S 
s9° *8¢° ¥L9° v 
OSs S 
8v° x0D° io Ve ‘6 
Gas x6S° E 
zu OT 6 8 ik 9 S v g G i Sud 3] 
SNe: SLOJVIC A 
-[T eunuwwo) 


eee ee eee... ——_—— ee 


LHSTA Javad (NOILATIOS YOLOVA NAL) OWL dO SISAIVNVY YOLOVA IWdIONIUd 


LEZ Tave 


276 


sqysoqyqns uo popn{oUT swe, 
*8T°8g LOF poJUNODOe sdUeTIVA [TeIO]L 
Coes i SOTJITeUNWUOD FO WNS 


6959 6r°8 S50 LT°6 CIE ole OL 97° OL 89°OT 80°CT pe*prT soueTseA 


uoWwWo) % 

68°¢ v6°~ Zon, aS 09°S 68°S ISS 12°9  Omee Gfo°8 = GNUBTIBA 

TeIOL % 

ee ee ee ee ee ee Ee ee 
Vile +I8° OF 
89° vl 62 
(Gr 6S° 87 
con (bjiss LG 
89° *9L~ 97 

ee a a es Oe ee ee 

zu OT 6 8 ji 9 S 14 ¢ @ I Sud 3] 

SOTIT ie 
-[TeunuUO) pie sdaa| 


(p,3U0D) IZ ATaVL 


Dit 


(p,3u0D) 
89° ¥S9° Sc 
v9° +69° VC 
99° x9D° Pry Ly co 
9S° Eee OG 
(ye ¥9L° LG 
Cla iS > SSe 02 
69° x6 ° ¥LS° 61 
Os Gla ST 
9L* ¥£8° Lal. 
8L° v9°* OSe 9T 
Sle ¥8L° Sel 
89° 9L* vI 
Loe x60° ¥Z0V° val: 
8 Sie 3S. 8S° cl 
Like x9L° LE 
Vile 9¢* OT 
99° *9S° ons Vian 6 
[ibe c8° 8 
T3° *V8° iL. 
Le *6S° x60 ° 9 
59° OL S 
9L° x8° v 
79° x9 ° yl, ¢ 
78° #53 > C 
6L° x1T8° if 
zu OT 6 8 L 9 S v c C IT Swo iJ 
pol SLOJZICY 
-T PUNWWO‘) 


unod dJavud (NOILNIOS YOLOVA NAL) LSAL LNSNWSASIHOV NOILOVYA AO SISATVNV YOLOVA TVdIONIUd °7L ATAVL 


=~ Pe Se 1 7 
> 7 c : # 
& . 
4 
| 
. 
. i 
aie: 4 
—_ 
= 4 


* 
me 


} 
ae 


J 
a 


—— 
~ 
, 
« 
- ” ‘ —_ 
i 


278 


$}S9}qns UO Popn{TIUT SUdq], 


%7G°TL OJ poquNOd.e soUeTICA TPIOL 


Sone soTtiTTeunuWOS Fo wns 
CCAS 07°9 Ever 06 °2 V2°6 Ove cl Soe Li 90°72 9IUBTIEA 
uoWo) % 
Vile cv EGaS S9°S y9°9 L£8°8 ES a6 8L°ST  99UeTIeA 
TPIOL % 
Soe +68° cv 
Sa %8° CV 
OS* woe aL Vol Iv 
6v° x9S° Ov 
78° +68 ° 6¢ 
99° cae CASTS x9E° 8¢ 
ES NE Be 
c9° Ve +LV° 9¢ 
68° x68 ° oo 
06° ve 
+L8° ge 
x88 ° OS, 
*VS~ ¥VS* (ha 
TS © ahs O¢ 
x08 ° 62 
x8" 82 
elke LC 
59° ¥0D° x09° 9¢ 
zu OL 6 8 ih v Sf G T suo} 
SoTyt 
-Teunwwo) 


(p,3u0D) ZZ ATAVL 


279 


(Pp, 3uU0D) 
OZ 9¢° Goce SG 
L9°* yh VC 
9L° easy B06 
LSS +05 ° GL 
ae aL IZ 
CLs xoS © o/h” 07 
fae x9¢° ¥9L° 6T 
6S ° 8v- ST 
vv- 60° iL 
eS. 9° OT 
S8° 68° sl 
Cs. 88° vi 
19° eC Lie cl 
Sa. xIT8° cL 
v3° xl8° jab 
89° *VV° “oS OT 
8T° Use 6 
S9° %o9° ¥ZoV° 8 
oie Van ib 
vs° 6Se 9 
89° OL S 
95° ¢9° 174 
6S ° ¥£9° Ks 
89° ¥89° é 
One ¥8Z° T 
zu sie vi cI Ab Il OT 8 v ¢ G suo J 
SORA SLOJOCA 
-Teunwwoy) 
XIS dqvud (NOILNIOS YOLOVA NAALAIA) LSAL LNAWAIASIHOV NOILOVYA AO SISATVNV MOLVA TVdIONINd “SZ ATAVL 


| 7 
* r 

the 

Lie 


ss 


280 


(p,2u0o9) 


pL° 
62° 
SL 
6S. 
com 
cv 
19° 
sy 
Son 
99" 
ce 
OV 
OS 
LS- 
(ES 
Ss 
94° 
OL 
79° 
OL 
LS * 
Co ° 
Soe 
LL 
OL” 


-[TeunuU0) 


x8L° 
¥6L° 
ih 


Vs 


SIO1VICY 


¥FS 
x80° 
x9 ° 
x9D* 
x1I8° 
x89° 
¥L9° 
x8L° 


Soe 
Lo 


Loe Be 
va ES 


(p,2uU0D) ¢Z FTAVL 


281 


(p,2u0D) 
¢9° Se +ITV° SZ 
vL° x9L° VL 
08° xL8° ae 
Wea x08" GL 
CLs #LSe ¥9S° ¥S0° Ve 
6° ¥€9° OL 
Ess xVV° SCLe 69 
Sle xl GL 89 
ae eo L9 
OE *1I8° 99 
18° Salhi $9 
038° x9L° v9 
6S° *€9° £9 
Hh be ¥88° c9 
L8° xL8° 19 
69° x9L° 09 
Giles ¥89° *VV° 6S 
cls ¥89° %CD° 8S 
Vee #L9> x9 ° LS 
03° xIV° S50 9S 
c3° +6E° x€9° aS 
S9° + Vc *ITt° Pm ae vs 
Sv - xID° cas 
79° Ce GS 
9V°* TS 
zu UL vi Volk cl ane OT 6 8 L 9 S v ¢ c IT SUd iI 
ote SL0}0bA 
-Teunwuo) 


(p.2uoD) ¢Z FIAVL 


—_—_—_— 


/ 


a, ec 


282 


$31S9}qNS UO POPNTOUT sSUeqIy 
%G/°99 LOF po,UNOISe S9OULTIVA [LO], 
TY°SS SOTITTeuNWWOS Fo wNS 


Timo V8 8 TL vy TL Vel6i0 9075S 60+S 609502" 9°95.9 Sp 971i 2s Soe eeu a QoUBTIEA 
uoWOD % 


SVsc LSuc Vine Sle cS S1S © SS 8°90 VP rl bp SC) 1S VS Sey ece CeO cme QIUBTIBA 


TeBIOL % 
L9°* ¥8o° *LOs 3 
jay ¥99° 78 
09° +9D° #VV° 18 
69° paige 08 
6S° ¥£9° 62 
cS- *¥6S ° SZ 
oom x99° ae 
79° ¥9S< %9O° OL 
zu SL vt a Gl IT OT 6 8 je 9 S v 2 C iL sud i] 

ee SLOJZOCA 
- Teunuuwo’) 


(p,3uo0D) ¢Z£ FIGVL 


283 


(Pp, qu0D) 
79° Cle Sc 
Com CLs vc 
os Ve jigs. LC 
89° 09° CC 
6S° cv" Le 
Sy ial xVS° ¥89° 02 
Lege x9L* 61 
9L* ¥99° ST 
Coe COM Lan 
tai ke xV8° oT 
yee x9L* ot 
Lhe x9 ° x8V° vi 
syle x9E° x1IS° cae 
Lae +9D° Gi. 
69° +69° it 
6S° Syke OL 
Cla 18° 6 
Cie com 8 
vs* 0S° Hi, 
S9° coe MST Y 9 
L9° RO CMeee Cu LS S 
0S° v 
oS5 x97 * ¢ 
Ca ao an *VV° c 
L9°* xDL* IT 
en ee ee ee er ee ee ee 
zu Sil vi ot ere IT OT 6 8 i 9 5 v iS C T suo JT 
pecans SLOJZICA 
-Teunwwo’) 


ee _ —— — _—_ . _ ____ — —___ —______—_______ —___ _________________ ____________ TEE 


LHDIS dJavud (NOILNIOS YOLOVA NAALAIA) LSAL LNSWSASIHOV NOILOVYA AO SISATVNV YOLOVA TWdIONTUd “bl ATAVL 


ws =F a =] +) 4 F 
4 Oa Mw f 


“A 


a | 
“yl 


- 
. 
~ 


Hf 


284 


(p,3Uu0D) 
z79° ¥lS° ZS 
Lis ¥9L° IS 
a8 *SL° OS 
L9° *0L° 61 
v9" ¥IL° SP 
wee ¥b9° Lv 
Cle 19° OF 
es +0L° SP 
oS* oCoe vy 
79° Le cy 
¢9° ¥99° A 
Z9° 9r° Iv 
s9° G9° Or 
89° Ss° 6¢ 
gs OL° 39 
6S° gc" ili 
hs +69" 9¢ 
6L° rahe s¢ 
69° +99" rs 
(eh cyl es 
Ve ¥7S° *bt° OS 
iva +0L° I¢ 
Lo Ese cr’ Os 
Gon ISS oa 67 
OL° 65° 09° 8Z 
Los go Hg LZ 
s9° 69° 972 
sa i a aE Ne EER CR CI TOE OE ET is 
2 Sle ed ile Pa 0 6 8 l 9 S v ¢ Z if Sud 2] 
S9TIT ERS ER Pa aA PE STE Do SE SST SLES SS 
oe SLIOZICYA 
-Teunuwo’,) 


(p,3U0D) pL FTAVL 


285 


S4sojqns UO POpnN{TOUT SUdIT, 


%6S$°p9 LOF P9UNODIDe BOULTIVA [LO], 


Z6eoP SoTITTeuNUWOS Fo wNs 

SL°S C2 Fr 0S PF L9°P SL°V C6*P VS-S.SZ°S ZI°-9 PI-9 Ic°ZL 92 Seo 0 oa ieies mal SOUBTIBA 

UOWUOD % 

Cure CL°C 16-¢c 10° SO'°S SIS 8S°o TZ-¢ S6°o Z6°S 99°17 99°S 698° cai cee QOUBTIEA 

[Tei0L % 
9S° 2OC we Coe 89 
79° 20 Van eee ae L9 
$9° x65" 09° 99 
19° *99° S9 
v9°* «ia v9 
jee x8S° £9 
9S° ¥£9° c9 
CSa *19° 19 
p9° ¥9S° ¥89° 09 
LS> *19° 6S 
LSé x9S° 8S 
19° +09° *VS° LS 
97° 9S 
65° SS 
9S° *6S° vS 
6S° x6 0° S&S 

zu SI val aa cl Il OT 8 v ” C I suo T 

SOTIT 
-[Teunwuo} SLOVO A 


(p,3u0D) pL ATEVL 


— ” ——— a 
reg tm 


286 


(p,3u0D) 
88° ¥F6° aC 
[hy & x98° VC 
(Gee xVS° 2G 
OLe sO EG 
vs* i ee iG 
9° 99° 02 
89° Lie 61 
Loe 99° ST 
Cis +9L° LT 
s9° 99° oT 
Coe %SV- %05 ST 
s9° vS° 9S° vi 
89° *% Le et 
v9° Soa S9° cl 
s9° xVL° et. 
69° om Vise OT 
L9* Loe 8c" 6 
69° Sia 8 
ci x6L° /e 
08° ¥8L° 9 
69° Sy 5 
Cll” Loe v 
yA” ¥28° 5 
co +08° C 
69° +60° x9D° i 
zu Ol 6 8 ih 9 Sj v ¢ G T SWOT 

Sosa 
-TeunUUO SLOVO 
a a a 
wnod Favud (NOILNIOS YOLOVA NAL) LSHL NOILNALIY NOILOVYA AO SISATVNV YOLOVA TWdIONIUd “SZ ATIVE 


tae a) 
er 


i a F 


: 
_ . ee es Se ionsesinnat ae _—— ee 
— . é 
= 7 P ="? Z : » — “i 
~Lemee 1 Ge 2POFSR4 
; — sabyt —e mace et 
a Sa : 7 : if . 4 
* A ¥ a ‘ a G 
i a, = mee oS — 
an a eee ona = = 
= : p 
i bd 
- eo, 5 > « 
7 a — 
[= 


i 
oS fF 5 -“T 


‘ 


‘ .—- ae ae it 


walt 


y) 


287 


Cm, 


$ysoiqns UT UOTSNTSUT LOF pa oaTes suoq], 
%Ov°OL LOF po.UNodoe odUeTIVA TLIO] 


SoT4TTeunWwWOS Fo wns 


SSa6 vo° tt LOiSil 6S°Tc 99uUeTLeA 
uowwoD % 


zZi°9.oLL° LS ESOT OGG oenete 
Teq0L % 


ee ee ee re 


-Teunwwo) 


x28° 
xVS° 
x09° ¥9F* 
03° 
v3° 
x1I8° 
xT8° 
OL 6 8 L 


VoRe 99°8 
DSaeS Ot°9 
¥F9° 
x6 0° 
¥6¢° 
Lom 
COs 
9 S 
Si0i9e4 


cv 
CV 
Tv 
OV 
6¢ 
8¢ 
ES 
9¢ 
S¢ 
ve 
ce 
(3 
xbS° *VS° I¢ 
xZD° Si OS 
xITt° 6Z 
xD" 8Z 
rakes LZ 
x98 ° 972 


G T SUSI] 


(p,2u0)) SZ FIGVL 


288 


(Pp, 309) 
Sie ¥€8 ce 
g9° x0L° vd 
8ZL° *V8° ra 
v9° a xVS° x9E° CC 
99° xIV° ¥VS° 2 
09° 19° 0d 
99° vs° ee 61 
8s° 9° ST 
99° LS ¢s° LI 
09° *09° Ol 
y9° vv° Iv’ Si 
OL° xVD° x60 ° vt 
Cis S9° val 
vo x8L° Gr 
com Rese Vee IT 
SS° +Ole8 OT 
joes 0S° 6 
hn 89° *VV° vs ° 8 
99° 6S° 9¢° fb 
9° Vie 9 
ove x00 * S 
L9~ sys v 
Scie ¥CS° g 
89° Ce Goa OTs 6 
y9° oo Oa I 
zu SL vi oA cL fat OT 6 8 jl 9 S v c (é iL wo iI 
Eabee SLOJOCA 
-[Teunwwo) 


——<— eee nnnnnannnnninnnnnnnnnnnnmnnnnannnmannnmnnnnanmnnna 


XIS davu9 (NOILNIOS YOLOVA NAXLAIA) LSAL NOILNALAY NOILOVad AO SISAXIVNV YOLOVA TVdIONITUd 


S9LSd1d ve 


a 


A hE 


_ < 


. 


i 


,f* 


r 


Tamas” 


So 


; — 
SCENT 


_— 


om 


289 


(Pp, quo) 
Ou ican OS 
LSe 259) ¥oo° 60 
bes ¥89° xVS° SV 
L9°* xV9° LV 
ia ney OV 
OL* +19° Sv 
89° ¥8L° vv 
s9° CVV ov 
vs° ; CV 
S9°* 8S° Iv 
09° Soe OV 
L9° 6¢ 
ss° *SV° sales 8s 
OL° ¥99° LS 
cis 2a Le 9¢ 
79° x19° SS 
9° *09° vs 
68° xV8° oS 
8Z° x98° ce 
Vie xC8° LS 
Foe xL8° O¢ 
T8° ¥l8° 62 
Lhe x08° 87 
Cie x78 ° LZ 
Coa ERG 9¢ 
ay cag ee Sia aS i ce Eel le 
zu Sil vi all cl Il OT 6 8 is 9 S v y C I SWd1] 
SOTHT Se A PIG Ce aaa Tie opm cer ESA 10 Cleese een ean 
-[Teunwwo) 


(p,2uU0D) 924 ATAVL 


ee a 


* +4 - = aa 
= G - & _— a.) he as A 


A 


se ie a anne 
Pei Si, ek St Ot Of Bi Bart a 


intima nna aoaet A cee A te 


290 


(p,3Uu0D) 


an 

Coe 

Se 

9L° 

69° 

(Bee 

Com 

OF 

oom 

6S° 

cS" 

Ole 

sy, 

legs,” 

vs° 

Wa” 

Cle 

Cia 

Sue 

vs* + 9° 
9° x00° 
Oly. KO Le 
flag, +18° 
(War GL 
L8° x9L° 


-Teunuuo7) 


S107984 


¥9S* 


tv 


*89° 
x0L° 
eSL” 
xGL° 
x69 ° 
sei 


xDL* Sz 
x0D° vl 
yah” Ere 
x1I8° Cs: 
ee ibys 
+08° OL 
+69° 69 
x89° 89 
*9S° L9 
x§9° 99 
¥£9° S9 
+69° v9 
£9 
x9S° c9 
xlV° 19 
09 
6S 
8S 
eS 
9S 
SS 
vs 
iS 
(Ss 
LS 
I suai] 


(p,2Uu0D) 9Z£ ATAVL 


Ceesats 


— vy 
| « 


vat ed’ | 


* 


a fa ree) Pa <)> Ca.-% 


“= 6F 
Pa oo « 
‘ 


$vu a) me 


. @ «-,/ @ «8 


‘ 


. 


if 


Zon 


GE%0S 


-[Teunuwo) 


$1S901qNS UL PopNTIUT sSUdIT x 
%8T°8Q LOF pojyUNOdD.e sdoUBTILA TRIO] 


SoTIT[TeunuWOS Fo wns 


IO°S L0°S PES OLS SZ°v SVS T2°9 ¥9°9 89°9 LL°9 SS°L LAL 00 Se Doe CiR Ome 


UOWWOD) % 


SGO°Z 60°2 8Z°Z SS°Z 88°Z CL°S SZ Pb SS*b 9S bP C9 FV STS 02 S 90 S°o/53 ON 


ae 


SI07IC4 


TeI0OL % 
£8 
98 
S8 
v8 
£8 
*80° 78 
CLM 18 
SES 08 
x9S°* 6L 
eile 8L 
x98° byl 
OOM OL 
v g G T Sswd I 


(p,2u0)) 92 ATAVL 


_ 7 yu) eke 


Berry cale 


[S « 


292 


(p,3u09) 
CL ye © SG 
9S° g9° WG 
aa 89° 6 
89° cSe ov" Co 
Oe 69° LZ 
69° ive 07 
cS" 9¢° 9¢° 61 
9° x£9° 8T 
9L° ¥C8° fem 
09° ¥SV° ol 
69° oe Vie ¥CG° ST 
69° xoL* VI 
s9° ¥bL* oar 
T9°* x9° Cu 
ae x89° Lal: 
89° ¥L9° OT 
99° ye 6 
Oi 99° 8 
ESs s9°* fs 
8s° 9 
6S° ¥8V° S 
Cis x09* v 
Magee x1T8* g 
cle ¥69* ¥89° ee C 
OV° ¥SS° I 
er ene ee a es ee ee ee ee 
2U Sil vi cl cl IT OT 6 8 Ib 9 S 14 2 6 I Sswo 4] 
SOTIT a Oe Et bk OB sicloea kk | Ss LS eS oe 
-Teunuu0) 


mL —————VH]Vlvsvrvcoon=rVV Soa" 


LHSId dqvud (NOILNIOS YOLOVA NAALAIA) LSAL NOILNALIY NOILOVYA dO SISATIVNV YOLOWA TWdIONITUd “L/L ATaVe 


295 


(p,3u0D) 
GVA *V Si OS 
9S° coe #SS° 60 
SS 8c ° x9S° Sv 
Ole +08° ny 
Via +8L° 9” 
Z79° x0V° Sv 
79° sqile e\ Cs vv 
g9° *VS° cv 
vs° *19° CV 
¢9° x00° xVv° Iv 
Lve xVC° x0D° OV 
ESe 9¢° 6¢ 
8s* 9¢° cv" SF 
9° Cla Le 
L9° oye” 9¢ 
09° OSs So 
69° *VL° ve 
Las +6L° gS 
Ce x80" x19° CS 
Vie ie ¥89° Ig 
oS x00D° x6E° O¢ 
SE last x60" 62 
9S° 8c 
L9° ve LEC 
L9°* OSs 92 
as ea 
zu St vi ot Cl Lt OT 6 8 i 9 = 14 Cc T suo }] 
SOTIT eee Ee ee ee EE a ee 
-TeunuUWo) 


(p,2U09)) 22 Stdva 


T - ‘ 
a 


294 


esos 


s1seqqns uO popn{sUT sueqI» 


%E7°S9 LOF po ZUNOIIE SIUeTLEA [PO] 


SOTATTeuNWWOD FO wNS 


Ov b SS°Y ¥6°r 96° PI'S 6Y°S VL°S Z8°S 82°9 LL°9 OL{L LE58 Lye 8h0S See: ee 


OL eCeeS CuSilecevles SG o LVS SOs CRIS 916 oC 8c Vo Ge Ve Cece eee eee OS 


uowUlo) % 


QOUBTIEA 
TeIOL % 


A 


99° 
308 
8s° 
OL° 
95 
v9 
Cae 
S99" 
Se 


-Teunwuo) 


CVE 


*99° 


oe 


xoL° 


S10}984 


Ge) 
19 
09 
6S 
8S 
ES 
oS 
SS 
vs 
oa 
Gai 
Is 


4 G T suo yy] 


(Pp. 4u0D) sg 


= 


- , _ ss APPENDIX D 


- - 7 ae 3 aa 
. : ee 
7 — = : 
Se 


ag 


TABLE 78. CORRELATION COEFFICIENTS (PPM) AMONG THE TBMC AND FRACTION 


ACHIEVEMENT SUBTESTS GRADE FOUR 


TBMC Fraction Achievement 
Subtests ; Subtests 
iL 2 3 4 1 2 3 4 


TBMC 


Fraction 
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TABLE 79. CORRELATION COEFFICIENTS (PPM) AMONG THE TBMC AND FRACTION 


ACHIEVEMENT SUBTESTS GRADE SIX 


TBMC Subtests  '! Fraction Achievement Subtests 
il 2 3 il 2 3 4 5 6 fi 8 


TBMC 
No 


Fractions 
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TABLE 80. CORRELATION COEFFICIENTS (PPM) AMONG THE TBMC AND FRACTION 


ACHIEVEMENT SUBTESTS GRADE EIGHT 


TBMC Subtests ' Fraction Achievement Subtests 
il 2: 3 ! sh 2 3 4 5 


TBMC 
iw) 


Fractions 
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TABLE 81. CORRELATION COEFFICIENTS (PPM) AMONG THE TBMC AND FRACTION 


RETENTION SUBTESTS GRADE FOUR 


TBMC Fraction Achievement 
Subtests Subtests 
i 2 3 4 1 2 3 4 
Sapa Uie arta) RRR SAE Miran else NE ar 
i 1.0 
: 2 alee lege) 
E43 ni Scale 
4 .10 21 FOS” 10 | 
eee ane t a Ae ee Ve ee) Se 
ep! 19 40 20 Tom on nel .0 
= 2 24 38 38 285" 1 34 1.0 
: 3 04 23 31 0452 26 26mmeLEO 
i 14 07 30 26 16 27 36 55120 


TABLE 82. CORRELATION COEFFICIENTS (PPM) AMONG THE TBMC AND FRACTION 


RETENTION SUBTESTS GRADE SIX 


TBMC Subtests Fraction Retention Subtests 
Ht 2. 3 1 2 5 4 5 6 7 8 


TBMC 
N 


Fractions 
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TABLE 83. CORRELATION COEFFICIENTS (PPM) AMONG THE TBMC AND FRACTION 


RETENTION SUBTESTS GRADE EIGHT 


TBMC Subtests y Fraction Retention Subtests 
ih 2 3 ' 1 2 3 4 5 


TBMC 


Fraction 
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Observation Schedule — Definition of Terms 


time (left hand side): The time of introduction of a model into 
instruction is recorded once. 


Model: Linear - number line 
Area - any region diagram which has been divided into parts 
OG pnysicalerepresentation such jas: | sheet of paper; 
chocolate bar; felt board with figures. 


Media: indicates medium being used to illustrate the model, e.g., 
Dlackboard),, overnead projector, etc. 


Initiator: Each statement or question associated with the model is 
initiated by the teacher ( ) or a student ( ). 


Type: discourse associated with each model. 
expos. - indicates the initiator is explaining or making a 
statement of fact. 
inq. - indicates a question is being asked. 


Response Representation: enactive - if the response involves 

manipulation of materials, 
Cao mempaperalolaing. 

UC OM Ce elo CheEreSpONSemInVvOLVeS 
drawing a diagram or selecting 
a diagram. 

symbolic - if the response is verbal and 
is not accompanied by either of 
the above. 


Response Level: recall - the simplest level of response, 1, involves 
memory, e.g., given a square which is divided 
into four parts: "How many parts are there?" 
The response is level 1. Responses which 
require rule using are placed in level 2, and 
responses requiring problem solving and 
applicatloneares glacccmilmlcvcims, 


time (right hand side): When attention is moved from the model to a 
different model or to abstract discussion. 
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